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Abstract The q-monopole bundle introduced previously is extended to a general 
construction for quantum group bundles with non-universal differential calculi. We 
show that the theory applies to several other classes of bundles as well, including 
bicrossproduct quantum groups, the quantum double and combinatorial bundles 
associated to covers of compact manifolds. 

o 

G\ ■ 1 Introduction 

A 'quantum group gauge theory' in the sense of bundles with total and base 'spaces' noncommu- 



tative algebras (and quantum gauge group) has been introduced in |jj with the construction of 



^ . the g-monopole over the g-sphere. Two nontrivial features of this g-monopole are the use of non- 

universal quantum differential calculi and construction in terms of patching of trivial bundles. 
Several aspects of general formalism concerning nonuniversal calculi were left open, however, 
and in the present paper we study some of these aspects further, providing a continuation of the 
general theory in jy]. 

We recall that in noncommutative geometry the nonuniqueness of the differential calculus is 

much more pronounced than it is classically. Although every algebra has a universal or 'free' 

calculus it is much too large and one has to quotient it if one is to have quantum geometries 

'deforming' the classical situation. There are many ways to do this, however, and even for 

quantum groups (where we can demand (bi)covariance) the calculus is far from unique. In 
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the case of quantum principal bundles one needs quantum differential calculi both on the base 
and on the quantum group fibre which have to fit together to provide a nontrivial calculus on 
the total space. This is the problem which we address here and its solution is the main result 
of the present paper. We introduce in Section 3 a natural construction which builds up the 
calculus on the total space of the bundle from specified 'horizontal forms' related to the base, a 
specified bicovariant calculus on the quantum group fibre and a connection form on the bundle 
with the universal calculus. Roughly speaking, it is the maximal differential calculus having the 
prescribed horizontal and fibre parts and such that the connection form is differentiable. This 
approach appears to be different from and, we believe, more complete than recent attempts on 
this problem in B ||] . 

The remainder of the paper is devoted to examples and applications of this construction. 
We re-examine the q-monopole in Section 4 and verify that this example from [j]J fits into the 
general formalism. 

In Section 5 we consider a different application of the theory. We show that the combina- 
torial data associated to a cover of a compact manifold may be encoded in a discrete quantum 
differential calculus over the indexing set of the cover. This demonstrates the novel idea of doing 
(quantum) geometry of the combinatorics associated to a manifold rather than the combina- 
torics of the classical geometry. We show that the Czech cohomology may be recovered as the 
quantum cohomology over the cover. We also consider quantum group gauge theory over the 
cover as a potential source of new invariants of manifolds. Note that classical differential calculi 
are not possible over discrete sets, but nontrivial quantum ones are, i.e. this is a natural use of 
quantum geometry. 

In Section 6 we further apply the theory to construct left-covariant quantum differential 
calculi on certain Hopf algebras of cross product form. We regard them as trivial quantum 
principal bundles and apply the results of Section 3. Examples include all cross product Hopf 
algebras such as the bicrossproduct quantum groups inj|], the biproducts and bosonisations|| || 
and the quantum double [Q]. Although the bundles here are 'trivial', the uniform construction of 
natural quantum differential calculi on them by abstract methods would be a first step towards 
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their patching to obtain nontrivial bundles. 

We begin the paper in Section 2 with some preliminaries from including the definition 

of a trivial quantum principal bundle. This is basically an algebra factorising as P = MH 
where M is the 'base' algebra and H is a quantum group. All algebras in the paper should 
be viewed as 'coordinates' although, when the algebra is noncommutative, they will not be the 
actual coordinate ring of any usual manifold. For quantum groups, we use the notations and 



conventions in [1C]. In particular, A : H — ► H H denotes the coproduct expressing the 'group 
structure' of quantum group H. S : H — > H denotes the antipode expressing 'group inversion', 
and e : H — > C denotes the counit, expressing 'evaluation at the group identity'. We work over 
C. All general constructions not involving * work over a general field just as well. 

2 Preliminaries 

In this section, we recall the basic definitions and notations to be used throughout the paper, up 
to and including the definition of a quantum principal bundle with nonuniversal calculus from 
p]]. The same formalism has been extended to braided group fibre and, beyond, to merely a 



coalgebra as fibre of the principal bundle) 11], to which some of the results in the paper should 
extend. 

If P is an algebra, we denote by Q l P its universal or Kahler differential structure or quantum 
cotangent space. Here Q}-P = ker/i C P<S>P, where fi is the product map. The differential 
du : P -> Q 1 P is d v u = 10 u — u<S> 1. We denote by ^(P) a general nonuniversal differential 
structure or cotangent space. By definition, this is a P-bimodule and a map d : P — > ^ 1 (-P) 
obeying the Leibniz rule and such that P P — > ^(P) provided by u v h- > udv is surjective. It 
necessarily has the form 1 (P) = £l l P/N where M C ^P is a subbimodule, and d = ttj^ o du 
where ttj^j- is the canonical projection. Nonuniversal calculi are in 1-1 correspondence with 
nonzero subbimodules Af. 

When P is covariant under a quantum group H by a (say) right coaction A# : P — > P H 
as a comodule algebra (i.e. is a coaction and an algebra map), ^(P) is right covariant (in 
an obvious way) iff Ar(N) C N®H. Here A# is extended as the tensor product coaction to 
P0P and restricted to Q 1 P for this equation to make sense. We will consider only calculi on 



P of this form in the paper. Similar formulae hold for left covariance. 

When H is a Hopf algebra the coproduct A : H — > H <g> H can be viewed as both a right and 
a left coaction of H on itself by 'translation'. We will be interested throughout in nonuniversal 
differential calculi ^(H) which are both left and right covariant (i.e. bicovariant) under A. 
The subbimodule Af in the left covariant case in necessarily of the form M = 9(H (g) Q) where 
9: H®H^>H®H'vs defined by 

6{g®h)= gSh w ®h (2) (1) 

and Q C kere C H is a right ideal. Left covariant calculi are in 1-1 correspondence with such 
Q Bicovariant calculi are in 1-1 correspondence with right ideals Q which are in 

addition stable under Ad in the sense Ad(Q) C Q®H |0|. Here Ad is the right adjoint coaction 
Ad(/i) = /i( 2 ) ®(Sfa(i))/i(8). We use in these formulae the notation Ah = h w (g> /i (2) (summation 
understood) of the resulting element of H <8> H, and higher numbers for iterated coproducts. 
The universal calculus on H is bicovariant and corresponds to Q = {0}. 

The space ker e/Q is the space of left-invariant 1-forms on H. We denote by ttq the canonical 
projection. The dual of ker e/Q (suitably defined) is the space of left-invariant vector fields or 
'invariant quantum tangent space' on H. Hence a map which classically has values in the Lie 
algebra of gauge group will be formulated now as a map from ker e/Q. This is the approach 
in P] for connections with nonuniversal calculi. Note that it depends on the choice of calculus. 
The moduli of bicovariant calculi (or more precisely, of quantum tangent spaces) on a general 
class of quantum groups has been obtained in |L3|]; it is typically discrete but infinite. 

Since a general differential calculus is the projection of a universal one, it is natural to 
consider principal bundles and gauge theory with the universal calculi ^P, first, and 

construct the general bundles by making quotients. Therefore, we recall first the definitions for 
this universal case. A quantum principal //-bundle with the universal calculus is an iJ-covariant 
algebra P as above, such that the map \ '■ ^P — > -P<S>kere defined by x( u ® v ) = uArv is 
surjective and obeys ker% = Pi^l 1 M)P , where M = {u € P|A^n = u<8>1} is the invariant 
subalgebra. The latter plays the role of coordinates of the 'base'. For a complete theory, we 
also require that P is flat as an M-bimodule. The surjectivity of x corresponds in the geometric 
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case to the action being free. The kernel condition says that the joint kernel of all 'left-invariant 
vector fields generated by the action' (the maps &P — ► P obtained by evaluating against 
any element of kere*) coincides with the 'horizontal 1-forms' P(Q 1 M)P pulled back from the 
base. It plays the role in the proofs in ||] played classically by local triviality and dimensional 
arguments. The surjectivity and kernel conditions are equivalent to xm '■ P®mP — * P®H 
being a bijection, where x descends to the map xm (cf. H Proposition 1.6], || Lemma 3.2]). 
This is the Galois condition arising independently in a more algebraic context, cf |l4j (not 
connected with connections and differential structures, however). We prefer to list the two 
conditions separately for conceptual reasons. 

A connection uju on a quantum principal bundle with universal calculus is a map ujy : 
ker e — > Q}P such that x = 1 <8> id and Ar o uu = {uu ® id) o Ad. It is shown in |1J] that such 
connections are in 1-1 correspondence with equivariant complements to the horizontal forms 
P(Q 1 M)P C r^P. We are now ready for the general case: 

Definition 2.1 A general quantum principal bundle P(M, H,J\f, Q) is an H-covariant al- 
gebra P , an H-covariant calculus ^(P) described by subbimodule J\f and a bicovariant calculus 
^(H) described by Ad-invariant right ideal Q compatible in the sense x(jV) C f ®Q and such 
that the map xj\f '■ ^(P) ~^ P<8>kere/Q defined by xj\f ° ^ 'J\f = (id<S>vrg) o x is surjective and 
has kernel P(dM)P. 

The surjectivity and kernel conditions here can also be written as an exact sequence 

O^P(dM)P^O 1 (P)W J P0kere/Q^O, (2) 

and thus combined into single 'differential Galois' condition by noting that xj\f descends to a 
map 1 (P)/P(dM)P — > P<8>kere/Q and requiring this to be an isomorphism. The condition 
xU^O ^= P ® Q expresses 'smoothness' of the action and is needed for xj\f to be well-defined. In 
fact if P(M, H,J\f, Q) is a quantum principal bundle then the inclusion above implies the equality 
x(A/") = P® Q m Corollary 1.3]. On the other hand if P(M, H) is already a quantum principal 
bundle with the universal calculus then the equality xC^O = -P® Q is sufficient to ensure that 
P{M, H,Af, Q) is a quantum principal bundle with the corresponding non-universal differential 
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calculi. Conversely, if P(M,H,J\f,Q) is a quantum principal bundle with the corresponding 
non-universal differential calculi then P(M, H) is a quantum principal bundle with the universal 



calculus if and only if ker \ H M C P(fi 1 M)P n AA Finally, a connection on P(M, H,Af, Q) 
is a map u : kere/Q — > Q 1 (P) such that x^/- o oj = l<8>id and A# o u = {uj(3\&) o Ad. The 
Ad here denotes the quotient of the right adjoint coaction on H to the space kere/Q given by 
Ad o ttq = (7Tq <8> id) o Ad. As explained in Q, connections are in 1-1 correspondence with 
equivariant complements to the horizontal forms P(dM)P C ^(P). See |Q|||9|[16| for further 
details and formalism in this approach. 

There are also two main general constructions for bundles and connections in [Ej, the first 
of them used to construct the local patches of the g-monopole and the second of them used to 
construct the g-monopole globally. 

Example 2.2 /^/ Let P be an H-covariant algebra and suppose <1? : H — > P is a convolution- 
invertible linear map such that ^(l) = 1 and Ar o $ = ($<g)id) o A. Then MdSiH — > P by 
m®h i— > m<3?(/i) is a linear isomorphism and P(M,H,&) is a quantum principal bundle with 
universal calculus. There is a connection 

uv(h) = $- 1 (/ i(1) )/3 C /(vr £ (/ l(2) ))$(/ l(3) ) + $- 1 (/ l(1) )d l /$(/ i(2) ) (3) 

for any (3jj : kere — > Q}M. Here ir t (h) = h — e{h) is the projection to kere. The case (3 = is 
called the trivial connection. 

In fact, P is a cleft extension of M by H and has the structure of a cocycle cross product. If, in 
addition, Q and M define £l l (H) and as in Definition 2.1 then P(M, H,M, Q) is a quantum 

principal bundle with nonuniversal calculus. We call this a trivial quantum principal bundle with 
general differential calculus. We will obtain in the paper the construction of connections uj from 
j3 in this case. 

Example 2.3 ^ If P is itself a Hopf algebra and -it : P —> H a Hopf algebra surjection. P 
becomes H-covariant by Ar = (id<8>7r) o A. Suppose that the product map ker7r|Af P — > ker-7r 
is surjective. Then P(M, H, n) is a quantum principal bundle with universal calculus. If there 
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is a linear map i : ker en — * ker ep such that ir o i = id and (id ® it) o Ad o i = (i ® id) o Ad, then 
there is a connection 

uju(K) = (Si(h) m )di(h) (2) (4) 
It is called the canonical connection associated to a linear splitting i. 

Remark 2.4 Note that if P and H are Hopf algebras and it : P — > H is a Hopf algebra 
surjection, then the canonical map x is surjective since it is obtained by projecting the inverse 
9~ l of the linear automorphism of P ®P in (|l]) down to P ®H, i.e. x = (id®7r) o The 
condition that the product map ker tt\m <8> P —* ker-zr be surjective provides that the kernel of 
X is equal to horizontal one-forms. Combining fllTl , Theorem I] with |l8| , Lemma 1.3] one finds 
that ker7r|M <8> P — > ker 7r is surjective if there is a linear map j : -ff — > P such that j(l) = 1 and 
Afl o j = (j (giid) o A. More precisely, |l^, Theorem I] and |l8|, Lemma 1.3] imply that if such 
a j exists then in addition to P(M, H, ir) there is also a quantum principal bundle P(M, H' , ir') 

where H' = P/(ker7r|_M • P). Therefore one can write the following commutative diagram 

► * ker s 

► P(Q 1 M)P ► P®P (id ^"' ) ° e ' 1 ) P®H> > 

1 I I* 

, P(&M)P . P®P < iir ^°«- 1 , p® H , o 

1 I I 
► * cokers 

The second and third row are exact by definition of a quantum principal bundle. Obviously 
cokers = 0. The application of the snake lemma (cf. flj% Section 1.2]) yields kers = 0, 
i.e. H' C H. Since H = P/kerir, H' = P/(ker it\mP) this implies that the product map 
ker 7t\m (g) P — > ker tt is surjective as required. 

If there exists a left integral on H , i.e. A € H* such that A(l) = 1 and (A (g> id) o A = A then 
the map j : H — > P can be defined by j ' = np o A, where ijp : C — > P is the unit map. The map 
j is clearly an intertwiner since 

Ajy(/0 = \{h)l®l = \(h m )®h m = (j(g)id)A(/i). 
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In particular, if H is a compact quantum group in the sense of [20] then A is the Haar measure on 
H. Therefore if H is a compact quantum group then the Hopf algebra surjection ir : P — » H leads 
immediately to the bundle P{M, H, n). This fact is also proven directly by using representation 
theory of compact quantum groups in |2l[|. 



In the situation of Example 2.3, if Q 1 (P) is left covariant with its corresponding right ideal 
Q P C kere C P obeying (id(g>vr) o Ad(Q P ) C Q P ®H, then fi^iJ) defined by Q = tt(Q p ) 
provides a quantum principal bundle P(M,H,tt, Qp). We call it a homogeneous space bundle 
with general differential calculus. If i : kere# — > kerep is as above and, in addition, i(Q) C Qp 
then u){h) = {Si{h) {1) )di{h)^ 2 ) is a connection. A refinement of this construction will be provided 
in the paper. 

3 Differential Calculi on Quantum Principal Bundles 

In this section we obtain the main tool in the paper. This is a new construction for general 
quantum principal bundles with nonuniversal calculi, starting with a specified bicovariant cal- 
culus £l l (H) on the fibre and a specified 'horizontal calculus' on the base. In the classical case 
one has local triviality and one accordingly takes the calculus on P coinciding with its direct 
product form over each open set. That this is actually the standard calculus on P is consequence 
of the smoothness part of the axiom of local triviality. This is our motivation now. 

As recalled in the Preliminaries, in the quantum case we actually have global conditions 
playing the role of local triviality [Q], which is the 'global approach' which we describe first. 
Building up the calculus on P globally in this way means that we construct £l l (P) as the direct 
sum of a part from the base and a part from the fibre, i.e. actually the same process as building 
a connection uj. Therefore, the nonuniversal bundles constructed in this way will automatically 
have the property of existence of a natural connection. 

On the other hand, the data going into the construction of £l l {P) should not already assume 
the existence of a bundle, as this is to be constructed. Instead, the additional input data 
besides the desired calculi Sl l (H) and on the base should be related to the 'topological' and not 
'differential' splitting. We therefore take for this additional 'gluing' datum a connection lo\j on 
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P as a quantum principal bundle with the universal calculus. 

Accordingly, we let P(M, H) be a quantum principal bundle with the universal calculus and 
£l l (H) a choice of bicovariant calculus on H defined by Q C ker e C H. As far as the differential 
calculus on the base is concerned, we can specify Q 1 (M) by Mm C VI 1 M as an M-subbimodulc. 
More natural (and slightly more general) is to specify a 'horizontal' subbimodule A/"hor- 

Lemma 3.1 Let P(M, H) be a quantum principal bundle with the universal calculus and let uju 
be a connection on it. Let Q specify a bicovariant calculus on Q 1 (H). Let h w : P®Q <8> P — > fl l P 
be a linear map given by hu(u, q, v) = uv il) 0Ju{ < lv {2) )—uuJu{q)v, where we write Aru = u (1) <S> u {2) 
(summation understood). Then Mo = lm.hu C P(Q 1 M)P is a P-subbimodule invariant under 
Ar in the sense ArMo C A^o <8> H. 

Proof Clearly wh u (u,q,v) = h u (wu,q,v), for any u,v,w € P and q £ Q. Also 

h UJ (u,q,v)w = uv w uJu{qv (2) )w — uu)u(q)vw 

= uv (1) uJu{qv (2) )w — uv < - 1) w < - 1) 0Ju(qv {2) w {2) ) + h^(u, q, vw) 
= h w (uv {1) ,qv (2) ,w) + h w (u,q,vw). 

Therefore Mo = Imh^ is a subbimodule of SVP. Furthermore 

X(hu>(u, q, v)) = x(uv m uu(qv ( - 2) ) — ULUu(q)v) = uv (1) <g>qv (2) — (u<8>q)(v m <g>t> (2) ) = 0, 
i.e. M G ker x = P(n 1 M)P. Finally, 

A R (K(u, q, v)) = u^v^uu(q m v^\ 3) ) ® u™v™ {1) Sv™ (2) Sq (1) q (3) v& w 

-u a) v a) uju{q {2) ) ® u (5) Sg (1) g (3) u (5) 
= u (I) v (I) o;[/(g (2) v (5) (1) ) u (5) Sg (1) g (3 )t; (5) (a) 

-u (i) u (i W(g(2)) ® u (5) Sg (1) g (3 )U (5) 
= g (a) ,u (I) )®« (5) 5g(i)g ( 3) G Mo <8> H 

where we used the covariance of ojjj and the fact that Q is Ad- invariant. Therefore Mq is 
right-invariant as stated. □ 
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We call any A^-invariant P-subbimodule of P{£l l M)P 'horizontal'. We fix one, denoted 
A^hor- The corresponding quotient Q\ iOT = P^l 1 M)P/Mhor is our choice of 'horizontal' part of 
the desired calculus on P. 

Theorem 3.2 Let P(M,H), ujjj be a quantum principal bundle with the universal calculus and 
connection as above. Let Q specify and 

Mo c M hoi c P(n 1 M)P 

specify f^ or . Then 

M=(M hor ,Pcou(Q)P) 

specifies a differential calculus ^(P) with the property that P(M, H,M, Q) is a quantum prin- 
cipal bundle, P(dM)P = and uj = irj^ o uo\j is a connection on the bundle. 

The calculus resulting from the choice A/"hor = Mo is called the maximal differential calculus 
compatible with uo\j . The choice M^ = P(Q 1 M)P is called the minimal differential calculus 
compatible with uju . 

Proof By assumption, A^A/hor C A^hor <8> H. Also 

A R {uuJ U {q)v)=u^uj u {q)^v {l) ®u^uj u {qf ) v^ = u {l) Ujj{q m )v {l) ® (Sq w )q (3) v™ 

for all u,v G P and q G H. The result is manifestly in Pujjj(Q)P <8> H since Q is Ad-invariant. 
Hence A R M C M ®H. 

Next, we clearly have x(A/"hor) = 0. Then x( uu; u(q)v) = ux(oou(q))^rv = uv m <S>qv^ G 
P®Q since Q is a right ideal. Conversely, if u®g G P <8> Q then uuJu(q) G Pu>u(Q)P and 
x(uuju(q)) = u®q. Hence x(M) = P®Q. We therefore have quantum principal bundle with 
nonuniversal differential calculus 

Clearly nj^f o ujjj{Q) = 0, hence this descends to a map u : ker e/Q — > O^P). Moreover, 

W ° W ° Wl/ = ( id 18 11 0) ° X ° we/ = 1 vtq 

on ker e, where the first equality is the definition of xj\f an d the second is the equivariance of 
toij. Also, 

Ar o nj^f o u>u = (7ryy <8> id) o Aruju = (irj^f o <8> id) o Ad. 
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The first equality is clear from the definition of Ar. Hence we have a connection w. 

Finally, we note that the stated ^(P) is uniquely determined by u>u and A/"hor as the 
universal calculus with the stated properties. Thus, suppose that M' defines another quantum 
differential calculus on P such that ttj^> oujjj is a connection. Then u>u{Q) C M' . The stated M 
is clearly the minimal subbimodule containing Poou{Q)P and A/"h or , i-e. any other such 
is a quotient. □ 

There is a natural generalisation of this theorem in which we assume only that P is an 
.ff-comodule algebra (i.e. without going through the assumption that P(M, H) is already a 
quantum principal bundle with the universal calculus) . For this version we assume the existence 
of an Ad-equivariant map uiu : kere — > f^P obeying \ o ujjj = 10 id and Q, A/"hor as above. 
Then the map xj\f can be defined and if its kernel is P(dM)P then the same conclusion holds. 

We now consider how our construction looks for the two examples of quantum principal 
bundles with the universal calculus in the Preliminaries section. 

Proposition 3.3 Consider a trivial quantum principal bundle P(M, H, <E>) with the universal 
calculus and let ^(H) and Q}(M) be determined by Q and Mm- Then for any fiu : ker e — > Q l M 
there is a differential calculus Q l {P) with O^ or = P(dM)P and forming a trivial quantum 
principal bundle, and 

oj{h) = *-\h m )P o 7r e (h (2) )^(h is) ) + <S>-\h (1) )d<S>(h {2) ) (5) 

is a connection on it for (3 : kere — ► $7p(M), where obtained by restricting Jlp(M) = irj\f{Q}M). 

Proof We define : kere -> f^P by uu(h) = $~ 1 (V)/ 3 c/(^( /i (2)))^( /i (3))+^ 1 (^(i))dc/^(/i(2 ) ) 
as a connection on the bundle with universal calculus. We also take Mho? = (PMmP, Mo) 
where No is determined by ojjj. We can now apply Theorem 3.2. Note also that M = 
(PN M P,Puu(Q)P} as Mo C Puu(Q)P. 

Explicitly, the sub-bimodule corresponding to is AT = (Mto^, P&(Nh)P) where Mh = 

9{H ® Q) and $ : H ® H -» f^P, 

$( 5 ® ft) = $(5/i(i))^ _1 (/i( 2 ))/3i/(/i(3))^(/i(4)) + $(^(i))$ -1 (fy2)) ® $ (^(3)) 
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for all h,g € H. This makes it clear that we recover here the construction for nonuniversal trivial 
bundles in terms of a map <l in Q. Note that §oO(g®h) = &(gSh m ® /i (2) ) = §{g)uu{h), for 
any g,h £ H. Note that the inherited differential structure on M, Qp(Af) C O (P) is smaller 
than the original Q 1 (M) = ^M/Mm unless jV n Sl l M C A/>. □ 

From the proof of Theorem 3.2 we see that the resulting trivial bundle with nonuniversal 
calculus is of the general type discussed after Example 2.2; we succeed by the above to put 
a general class of connections on it. Also note that we may take more general TVhor and any 
(3u : kere -> Q}M to arrive at some Q}(P),uj, though not necessarily of the form stated. 

Lemma 3.4 Let P(M, H,&, Q,Af) be a trivial quantum principal bundle with differential cal- 
culus determined by Q and M. Then ft : kere — > f2p(M) defines a connection lu by ffi) in 
Proposition 3.3. if and only if for all q € Q, 

V))/3K(4 (2 )))<%(3)) = -$- 1 (^(i))d^(g (2) ). (6) 

Furthermore, if <1? is an algebra map then for all h £ H , 

^ _1 (9(i))/3(^(9(2)/i))^(9 ( 3)) = e(/i)$- 1 (g (1) )/3(vr e (g (2) ))$(g ( 3 ) ). 

Proof Requirement (||) is another way of expressing the fact that uj(q) = for all g £ Q, 
Since Q is a right ideal, condition (||) implies that 

h m (g> $ _1 (g (1) /i (2) )/?(7r e (g (2) /i ( 3 ) ))$(g (3) /i {4) ) <g> h (s) = -h w <g) $~ 1 (g {1) /i (2) )d$(g (2) /i (3) ) ® h w . 

Applying $ <S> id (g> and multiplying we thus obtain 

$(/t cl) )$- 1 (g (1) /t (2) )^(7r e (g (2) /t C 3 ) ))*(g ( 3)/i(4))$ -1 (^( 5) ) = 

-$(/l (1) )$- 1 (g (1) /l (2) )d$( 9(2) /l (3) )$- 1 (/ l( 4)). 

If $ is an algebra map the above formula simplifies further 

$- 1 (g (1) )^(7r e (g (2) / l ))$(g (3) ) = -^(g^Jd^Cgpj)*^))*- 1 ^). 
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The application of the Leibniz rule and the fact that q G ker e the yields 

$~ l (q(i))P(Ke(q(2)h))$(q (3) h) = -e(h)$-\q {1) )d<S>(q m ), 

which in view of (||) implies the assertion. Notice that the condition one obtains in this way 
deals entirely with the structure of fihor and is the consequence of the existence of Mo. □ 

Proposition 3.5 Consider a quantum principal bundle with the universal calculus of the ho- 
mogeneous type P(M, H, ir) where tt : P — > H is a Hopf algebra surjection. For any ^(H), 
if <jJ\j is left-invariant and A/"hor is left-invariant under the left-regular coaction of P as a Hopf 
algebra, then £l l (P) in Theorem 3.2 is left covariant. Moreover, left-invariant ujjj are canonical 
connections in 1-1 correspondence with i as in Example 2.3. Left- covariant A/"hor are * n 1-1 
correspondence with right ideals Qo C Qhor ^ ker-7r, where 

Qo = sp&n{i(q)u - i{qir{u))\ q G Q, u G P}. 

Proof We can regard A/"hor as a subbimodule of SVP. As such, it defines a differential calculus 
r^P/A/'hor on P- As P is now a Hopf algebra, the calculus is left covariant i.e. A^A^or C 
A/"hor <S> P iff A/"hor = #(P<8> Qhor) for a right ideal Qhor Q kere C P. Here Al is the left regular 
coaction or 'translation' on P(g>P obtained from the coproduct. 

On the other hand, since A/"hor C P(£l 1 M)P ', we know that x(A/"hor) = 0. Take q G Qhor- 
Then = X0(1®<?) = (Sq<.i))Q&) ®tt(9(8)) = 7r ( ( ?) so Qhor Q ker7r. Conversely, if Qh or £ ker7r 
then clearly Af hor = 6»(P<g> Q hor ) C P(0 1 M)P, since ker7r = (kere \m)P- 

If the connection ujj is invariant in the sense Aiujjj(h) = l®uu(h) for any h G kere then 
clearly Al(vjjJu(q) v ) G P ® P^u{Q)P fo r all u,v £ P and g G Q C kere C -ff. Therefore A/" 
defined in Theorem 3.2 obeys A^M C P®M, i.e. ^(P) is left covariant. 

The canonical connection associated to i as in Example 2.3 is invariant: 

A L uJu(h) = A L ((Si(h) w )dui(h) (2) ) = (Si(h) (2) )i(h) {3) <g> Si(h) m (g> i(h) w 
= 1 <g) Si(h) {1) <g) i(/t)( 2 ) = 1 <8) u>u{h). 
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Conversely if ujjj is an invariant connection , we define i : ker ep — > ker ep by i = (ep ® id) o u;^. 
Let 9' 1 be the inverse to the canonical map 9:P®P^>P®P defined as in (0). Explicitly 
9~ l {u®v) = uv {1) ® v ( 2 ). Clearly = (id®ep®id) o Al- Since w is left-invariant one im- 



mediately finds that 9 o LJu(h) = l®i(h). Thus uiu(h) = #(l®i(/i)) = Si(h) w ®i(h) 



(2) 



Si(h) w djji(h) ( 2 ) and ojjj has the structure of the canonical connection associated to i. It re- 
mains to prove that i is an Ad-covariant splitting. Since x = (id(8>vr) o 9~ 1 the fact that 
X ° = 1 ® h implies that ir(i(h)) = h. Finally compute 

A R (uu(h)) = Si(h) (2) ®i(h) (3) <g)Tv(Si(h) m i(h) (4) ). 

On the other hand lojj is a connection therefore 

A R (uu(h)) = Ldu(h (2) ) ® Sh m h (3) = Si(h (2) ) m ® i(h (2) ) (2) ® Sh m h (3) . 

Applying (ep®id®id) to above equality one obtains the required Ad-covariance of i. 
Using the fact that ujj is left-invariant we find 

A L (h u (u, q, v)) = u m v m ® u (2) v {2) uj u (qTT(v (s) )) - u (1) « (1) ® u^v^ujuiq) 

where /i w is the map defined in Lemma |3.1| . Therefore A/o is left-invariant and there is corre- 
sponding right ideal Qo £ ker ep given by A/"o = 9(P ® Qo). Since A/"h or contains necessarily A/"o, 
the right ideal Qhor must contain Qo- F° r the canonical connection induced by the splitting i, 
Qo comes out as stated. The fact that Qo is a right ideal can be established directly since 

(i(q)u — i(qn(u)))v = (i(q)uv — i(qTt{uv))) — (i(qir(u))v — i(qTr(u)ir(v))) € Qo- 

For completeness, we also show that the resulting bundle is indeed of the natural nonuni- 



versal homogeneous type discussed after Remark 2.4 , First of all note that 9 1 (viuu(q)v) = 
u(Si(q) {1) )i(q) {2) v m (g)i(q) (3) v (2) = uv (1) ®i(q)v (2) . Hence Af = 9(P®Qp) where Qp = 
(Qhor> i(Q)P}- From this it is also clear that ^ 1 (-P) is left covariant, as Qp is clearly a 
right ideal. Also, 7r(Qp) = Q. It remains to verify whether (id ® 7r)Ad(Qp) C Qp®H. 
Take any q £ Qp, then Sq w ®q {2) £ M. By construction is right iT-covariant, 
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therefore Sq {2 ) ® 1(3) ® Tr(Sq w q w ) € M®H. Applying # _1 ®id to this one thus obtains that 
1 ® q<2) <S)^(Sq m q (3) ) G P ® Qp ® H. Therefore (id ® 7r)Ad(Qp) C Qp®P as required. 

In this case it is clear that i(Q) C Qp, i.e. the canonical connection is of the type mentioned 
after Remark 2.4 from flll. □ 



In the case of a homogeneous quantum principal bundle with a general differential calculus 
of the type discussed after Remark 2.4. we can establish the one-to-one correspondence between 
invariant connections and Ad-covariant splittings as follows. The conditions satisfied by Qp and 
Q allow for definition of maps Ad : kerep/Qp — > kerep/Qp®P and W : kerep/Qp — > kerep/Q 
by Ad o ftQ p = {^Qp ® 7r ) ° Ad and 7f o vtq^ = ttq o it. Here 7Tq : kerep — > ker ep/Q and 
7tq^ : kerep — » kerep/Qp are canonical surjections. 

Proposition 3.6 The left-covariant connections to in P(M, H,tt, Qp) are in one-to-one corre- 
spondence with the linear maps i : ker ep/ Q — > ker ep/ Qp such that W o i = id and Ad oi = 
(i® id) o Ad. 

Proof Assume that uj : ker ep/Q — » n x (P) is an invariant connection in P{M, H,n, Qp). 
Define a map e : n x (P) — > kerep/ Qp by the commutative diagram with exact rows 

Q l (P) ► 







N 

ep Cg> id 

Qp 



nip 



ep ® id 



""Q 

kerep kerep/Qp 



-> 



Let i = e o uj. Then we have the following commutative diagram with exact rows 







n x p 



ni(p) 
I- 



P®Af 



id ® 7r » r 

-» p®n x p p®n x (p) 



-» o 



id Cg e p (8> id 



id <g) e p (g> id 



id®? 



(7) 



id Cg) 7r 



-» P®Qp 

id®; 

P® Q 



P ® ker e p 

id g) 7r 

P ® ker ep 



Qp 



id Cg) 7r 



Q, 



P® kerep/Qp 

idcg>7r 

P®ker ep/Q 
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The first two maps A^ are left coactions of P on P P obtained from the left regular coaction 
of P provided by the coproduct while the third is their projection to Q 1 (P). The third 
column gives the map x, therefore the fourth column describes Xj\fi i- e - XAf = (id ® 7f o e) o A^. 
Since w is a connection, xj\f(u{h)) = 1 ® h for any h £ ker ep/Q. Thus we have 

1 <8> h = (id ® 7f o e) o A^(o;(/i)) = 1 ® W o e o (j(/i) = 1 ® 7T o i(/i). 

To derive the second equality we used invariance of u. Therefore 7T o i = id. 

Next consider the map 0n : ^(P) — > P ® ker ep/Qp, given by #at = (id ® e) o A^ . This map 



makes the following diagram commute 

► 



Af 



P® Q P 



P ® ker e p 



ker 



Q\P) 



id (g 7r 



P®kerep/Qp > 



coker^Ar 



This diagram is a combination of the first three rows of ([?]). Clearly coker#jv = 0. By the snake 
lemma (cf. Section 1.2]), ker#N = 0. Therefore 6n is a bijection. The left-invariance of to 
implies that 

9 N (uj(h)) = (id®e) o A L (cu(h)) = 1® e(u(h)) = l®i(h) 

for any h G ker ep/Q. Therefore w(/t) = 0^(1 ® i(/i)). 

Using Ad and Ap one constructs the tensor product coaction Ap : P ® ker ep/Qp — > 
P ® ker ep/Qp ® -P. Then is a right P-comodule isomorphism. This follows from the fact 
that is a corresponding P-comodule isomorphism. Explicitly 

Ap(6»" 1 (u®i;)) = A R (uv m (g>u (2) ) = ® u (4) ® vr(n (2) w (2) 5t> (3) w (5) ) 

= ®u (2) ® 7r(u (2) w (3) ). 

Ap here is a right coaction of H on P ® ker ep built with (id ® it) o A on P and (id ® 7r) o Ad on 
kerep. On the other hand 

(6> _1 ® id)(Ap(tt®u)) = _1 (u {1) ®u (1) ) ® 7r(u (2) v ( 2)) = u (1) « (1) ® v (2) ® 7r(u (2) v (3) ), 
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where Ap is a standard tensor product coaction of H on f2 x P CP®P. Therefore 

A_r o 9 N o 7T_^- = Ap o (id ® 7tq^ ) o _1 = (id ® 7rg p (g) id) o A# o0 _1 

= (id (8) 7rg p (8) id) o (6* -1 ® id) oA K = (6^ ® id) o (irj^f ® id) o A^r 
= (6 N 0id) o A R o vr^. 

Therefore #tv is an intertwiner as stated. Its inverse is also an intertwiner. We compute 

A /j o 0Jf X (l®i(h)) = {9^ ® id) oA R (l ®i(h)) = (^ 1 ®id)(l0Ad(i(/i))). 

On the other hand, since u is a connection this is equal to Ap(u(h)) = (cj®id)oAd(/i). Applying 
(0jv <S> id) to both sides one obtains 

l<g)((i<g)id) oAd(fe)) = 1® Ado 

i.e. Ad o i = (i ® id) o Ad, as required. 

Conversely, given i : ker ejj/Q — > ker ep/Qp with the properties described in the proposition, 
one defines a map a; : kere#/Q — > SI 1 (i 3 ) by w(/i) = 6^(1® i(h)). The Ad-covariance of i 
implies the Ad-covariance of ui since 9~^ 1 is an intertwiner of Ap and A#. Furthermore, since 
Xsf = (id ® 7f) o 6* at from diagram (|7|), 

Therefore a; is a connection. The fact that w obtained in this way is left-covariant is well-known 
from the theory of left-covariant calculi [12] but we include the proof for the completeness. First 



consider any u ® v £ P ® P and compute 

A L {6(u ® v)) = A L (uSv (1) ® u (2) ) = u m Sv (2 )V(3) ® u m Sv m ® v (4) = u {1) ® 0(u {2) <8> w) 
This implies that 

Al^ 1 ^®")) =« { i)®^ 1 (u( 2 )®u). 
for any «eP and t> G ker ep/Qp. Therefore 

A L u;(/i) = A L o0r/(l®i(/t)) = 1® 0^(1 = l®a/(/i), 

for any h € kere#/Q. This completes the proof. □ 
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Example 3.7 Consider a homogeneous quantum principal bundle P(M, H, it) with the universal 
calculus and split by i : kerep — > kerep. Let Q 1 (H) and Q 1 (M) be determined by Q and Mm- 
Then there is a differential calculus Q l (P) with fii— = P{dM)P anduj(h) = (Si(h)m)di(h)( 2 ) is 
a connection on it. IfQ 1 (M) is left P-covariant then r2 1 (P) is left-covariant. The corresponding 
canonical map ker ep/Q — ► ker epjQp from Proposition 3.5 in this case is [h] i— » ^ Q p ° i{h), 
where h E Kq([Ji]) C kerep. 

Proof We take jVhor = {PNmP,Nq) as in Proposition 3.3. Then 

Ai(«m g3 nv) = u w (m <g> n) {1) v (1) <8>u (2 ) (m(gm) (2) t> G A/"h or 

for all u,v £ P and m®n£ A/"m provided A^A^M C P®Mm- Therefore fi^ or is left-covariant 
and the assertion follows from Proposition 3.5. As in Proposition 3.3 the inherited JTp(M) is a 
quotient of £l l {M) = VL l M/M M unless No n f^M C AA M - □ 

This provides a natural construction for homogeneous bundles (where P is a Hopf algebra) 
to have differential calculi which are left-covariant. We conclude with the simplest concrete 
example of our construction in Theorem 3.2. 

Example 3.8 Let P = H regarded as a trivial quantum principal bundle with M = C and the 
universal calculus. The trivialisation is $ = id and the associated trivial connection is the unique 
nonzero uju . Hence, for every bicovariant Theorem 3.2 induces a natural Maurer-Cartan 

connection to : kere/Q — > 

Proof Here Q M = so A/"hor = and (3 = is the only choice in Proposition 3.3. In fact, 
there is a unique connection ojjj since \ = ^ l so that the condition x ° ^u(h) = 1 ® h implies 
that uiu(h) = 9(1 ®h). This is the Maurer-Cartan form with the universal calculus. We then 
apply Theorem 3.2. □ 

4 Differential Structures on the g-Monopole Bundle 

Recall from [|| that the g-monopole (of charge 2) is a canonical connection in the bundle 
SO q (3){S^,C[Z,Z- 1 ],7r). The quantum group SO q (3) is a subalgebra of SU q (2) spanned by all 
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monomials of even degree. SU q {2) is generated by the identity and a matrix t = (tij) 
subject to the homogeneous relations 



.7 



a(5 = qfia, ay = qja, a5 = 5a + (q — q 1 )/?7, /3y = jf3, f35 = q5{3, yd = qdy, 

and a determinant relation a>8 — q(3y = 1, q G C*. We assume that q is not a root of unity 
SU q {2) has a matrix quantum group structure, 

At i:j = Y,kk® t k j, e(tij) = 5ij, St = ^ _^ a J . 

The structure quantum group of the q-monopole bundle is an algebra of functions on U(l), i.e. 
the algebra C[Z, Z~ l ] of formal power series in Z and Z^ 1 , where Z~ l is an inverse of Z. It has 
a standard Hopf algebra structure 

AZ ±X = Z ±l <g> Z ±l , e(Z ±1 ) = 1, SZ ±l = Z Tl . 

There is a Hopf algebra projection it : 50,(3) — ► k[Z,Z~ l ], built formally from 7ri : SU q (2) 

C[Z3,Z-7], 



which defines a rig ht coaction A R : 50,(3) -> 50,(3) ® C[Z, Z" 1 ] by A fi = (id<g>vr) o A. 
Finally 5 2 C 50,(3) is a quantum two-sphere p3fl. defined as a fixed point subalgebra, S q = 



SO q (3) c ^ z,z h S q is generated by {1, = a(3, b + = j5, 63 = a>5} and the algebraic relations in 
S q may be deduced from those in 50,(3). 

The canonical connection in the q-monopole bundle lojj is provided by the map i : C[Z, Z^ 1 ] — > 
50,(3) given by i(Z n ) = a 2n , i(Z~ n ) = 5 2n , n = 0, 1,... (restricted to ker e c[ZiZ -i]). In this 
section we construct differential structures on the g-monopole bundle using u>d- 

Similarly as in Q we choose a differential structure on C[Z, Z^ 1 ] to be given by the right 
ideal Q generated by Z _1 + q 4 Z — (1 + g 4 ). The space ker e/Q is one-dimensional and we denote 
by [Z — 1] its basic element obtained by projecting Z — 1 down to ker e/Q. 

Proposition 4.1 Let for a quantum principal bundle SO q (3)(S q , C[Z, Z^ 1 ], n), Q and i be as 
above. Then the minimal horizontal ideal Qo G ker £so 9 (3) defined in Proposition 3.5 is generated 
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by the following elements of ker ir 

/? 7 , q 4 a 3 (3 + 6P-(1 + q 4 )af3, g 4 a 3 7 + 5 7 - (1 + g 4 )a 7 

TTie space kem/Qo and thus the corresponding differential calculus are infinite- dimensional. 

Let Q( k ' l \ k, I = 1,2, . . . be an infinite family of right ideals in ker7r generated by the gen- 
erators of Qo and additionally by (3 2k , r ) 21 . For each pair (k,l), kervr/Q^ is 4(fc + I - 1)- 
dimensional. 

Furthermore let Q!< k,l ' r,s \k, Z = 1,2,..., r = 0, 1, . . . , k, s = 0, 1, . . . , I be an infinite family of 
right ideals inkers generated by the generators of Q^' 1 ^ and also by (a — 5)(3 2r ~ 1 , (a — <5)7 2s_1 . 
Then ker 7r/Q^'' ;r ' s - ) is a 3k + 3/ + r + s — 4- dimensional vector space. Notice also that Q( fc ^ fc >') = 

Proof The generators of Qo are obtained by a direct computation of the ideal given in Propo- 
sition 3.5. Explicitly, /3 7 is computed by taking q = Z^ 1 + q 4 Z — (l + o 4 ) and u = a 2 and u = S 2 . 
The remaining two elements are obtained by taking q = 1 + q A Z 2 — (1 + g 4 )^ and u = a(5 and 
■u = 07 correspondingly. It can be then shown that all the other elements of Qo are generated 
from the three listed in the proposition. For example, the choice q = Z~ 2 + q 4 — (1 + q 4 )Z~ x 
and u = 5(3 gives 5 3 (3 + q 4 a(3 - (1 + q 4 )5(3, but 

5 3 p + q 4 a(5 - (1 + g 4 )J/? = q~ 2 (q 4 a 3 p + 5/3 - (1 + g 4 )a/3),5 2 - ^{q* 'a/3 + g 8 a 2 /M - (1 + q 4 )p5), 

etc. Using this form of the generators of Qo one easily finds that ker7r/Qo is spanned by the 
projections of the following elements of ker7r: 

a k l3 2n ~ k , a k j 2n - k , dp 2 ' 11 ' 1 , 5j 2n ~\ n = l,2,... k = 0, 1,2, k < 2n. 

Therefore ker-zr/Qo is an infinite-dimensional vector space. 

Notice that for n = 1 there are 6 independent elements of ker tt/Qq coming from monomials 
in SO q (3) of degree 1, while for n > 1 there are 8 such elements. Using this fact we can compute 
dimensions of ker tt/Q^. Clearly dim(ker vr/Q^ 1 ' 1 )) = 4 = 4(1 + 1-1). Also dim(ker vr/Q^) = 
dim(ker7r/Q^' fe )). First take k = 1,1 > 1. Then, by counting elements in ker7r/Qo of given 
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degree we find dim(ker tt/QW) = 5 + 4(1 - 2) + 3 = 4Z = 4(1 + 1 - 1). Finally take k,l > 1. 
Then dim(ker tt/Q^) = 6 + 4(fc - 2) + 4(Z - 2) + 6 = 4(lfe + / - 1) as stated. 

In the case of ker n/ Q( k < l '< r < s } new generators added to Q( fc >0 restrict the dimension by A; — r + 
/ - s. Therefore dim(ker Tr/Q (k ' l ' r ' s) ) = dim(ker tt/Q^) — (k — r + I — s) = 3k + 31 + r + s - 4. 
□ 

Proposition 4.2 Lei differential structure on C[Z, Z^ 1 ] be given by the ideal Q generated by 
Z^ 1 + q 4 Z — (1 + q A ). The largest differential calculus on SO q (3)(S 2 , C[Z, Z" 1 ], ir) compatible 
with q-monopole connection is specified by the ideal Qp C ker £50,(3) generated by /J7 and 5 2 + 
q 4 a 2 — (1 + g 4 ). This calculus is infinite- dimensional. Let g^ ,/,r,s ) = (Q( k > l > r > s \i(Q)SO q (3)} , be 
a family of right ideals in ker £5,9,(3) indexed by k,l = 1,2,..., r = 0, 1, . . . , k, s = 0, 1, . . . , I. 
Each of Q(p' l ' r ' s ^ induces a3k + 3l + r + s — 3- dimensional, left-covariant differential calculus on 
SO q {3). 

Proof We need to show that Qp = (Qo,i(Q)SO q (3)). This is equivalent to showing that the 
generators of Qo can be expressed as linear combinations of elements of Qp. Clearly /?7 G Qp. 
Furthermore we have 

q 4 a 3 (3 + 5(3 - (1 + q 4 )a(3 = (5 2 + q A a 2 - (1 + q A ))al3 - q~ 3 (3-f5(3 £ Q P , 

q 4 a 3 j + £7 - (1 + q A )a~j = (S 2 + ? V - (1 + q 4 ))a~f - q~ 3 'pjSj € Q P . 

To prove the remaining part of the proposition it suffices to notice that ker epjQp is spanned 
by elements of ker£p/Qo listed in Proposition 4.1 and additionally by the projection of a 2 — 1. 
Similar calculation as in Proposition 4.1 thus reveals that dim(ker ep/Qp' l ' r ' s ^) = 3k+3l+r+s— 3. 
□ 

As a concrete illustration of the above construction we consider differential calculus in- 
duced by Qp' 1 ' 1 ' 1 ^ = Qp' 1 "*. Explicitly Qp' 1 " 1 is generated by the following four elements 
5 2 + q 4 a 2 — (l + g 4 ), /3 2 ,/?7,7 2 . The space ker e/Qp' 1 ^ is five-dimensional, so that Qp' 1 "* generates 
a five-dimensional left covariant differential calculus ^l 1 (SO q (3)) on SO q (3). Since SO q (3) is a 
subalgebra of SU q {2) the four elements above generate an ideal in SU q {2) which also induces a 
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differential calculus on SU q {2). Choosing the following basis for the space of left-invariant one 
forms in Q 1 (SO q (3)) 

1 



UJ 



-^0 0(1^^(3-5(3)), u)2 = -^—- KM oe{l®{5 1 -q A a 1 )\ (8) 



q 4 - 

1 1 



^3 



- T —ir M o6{l®{a(3-50)), uj 4 = -^—tt M o 0(1 ^ (5 7 - a^)), (9) 



1 



q~ 2 + 



^0 0(1(8(^-1)), (10) 



one derives the commutation relations in fi 1 (S'O g (3)) embedded in 1 (5C/ 9 (2)), 

^0,2« = q~ 1 CtUQ,2, ^3,4Q! = 9~ 3 a^3 i 4, CJia = g~ Q^i + ^W4, (11) 

^0,2/9 = g 1 /?^, w 3j4 /3 = g 3 /3w 3 ,4, = q 2 (3toi + ao; 4 , (12) 

and similarly for a replaced with 7 and (3 replaced with 5. The exact one- forms are given in 
terms of u>i as follows 

q q 2 

da = auJi - q(3(uj2 - - 0^4), d/3 = -q 2 (3uoi + a(uj + ^w 3 ), 

1 — q z 1 — q z 

and similarly for a replaced with 7 and (3 replaced with 5. It can be easily checked that the forms 
ujq, u>2 , u>3, u>4 are horizontal. Note that this calculus reduces to the 3D calculus of Woronowicz 
if one sets u>3 = L04 = 0. This is equivalent to enlarging Qp' 1 ^ by (5 — a)/3, (6 — a)j and thus 
the 3D Woronowicz calculus corresponds to Qp'°'°\ 

The calculus Qp' 1 '* appears naturally when one looks at the monopole bundle from the local 
point of view. Recall from O that one of the trivialisations of the q- monopole bundle has the form 
^(Mi.C^Z- 1 ],*!), where A = SO^S)^)- 1 ], M x = S^-l)- 1 }, and^Z") = (/T 1 ^, 
n £ Z. This trivialisation corresponds to the quantum sphere with the north pole removed. It 
can be easily shown that Pi = M\ ® C[Z, Z~ l ] as an algebra. The structure of M\ can be 
most easily described in the stereographic projection coordinates, z = a^f~ 1 = q&_(6 3 — l) -1 , 
z = 5(3~ 1 = b + (bs — 1) _1 , introduced in [24|. Mi is then equivalent to the quantum hyperboloid 



25] generated by z,z, (1 — zz) 1 and the relation 



zz = q 2 zz + 1 — q 2 . 
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The natural differential structure ri 1 (Mi) on M\, also discussed in 0], is given by the relations 

zdz = q~ 2 dzz, zdz = q~ 2 dzz, zdz = q 2 dzz, zdz = q 2 dzz. 
In other words Q 1 (Mi) = Q 1 Mi/J^m 1 , where the subbimodule Mmi C VL l M\ is generated by 

q~ 2 z® z + z® z - q~ 2 zz® 1 - 1 ®zz. (13) 

(1 +q 2 )z®z - gV(g>l - 1® z 2 , (1 + q~ 2 )z®z - q~ 2 z 2 <S>l - 1® z 2 . (14) 

The subbimodule M\ and the g-monopole connection taken as the input data in Proposition [T^ 
produce the differential calculus on Pi which coincides with the differential calculus induced by 
Qp' 1 ^ when restricted to SO q (3). Notice also that the generator (|i~3|) appears as a consequence 



of the existence of the minimal horizontal subbimodule A/"o • Thus the differential structures on 
Pi obtained from data (A/'m 1 ,w_d) and (TV m^ud), where Mm x is generated by ([14] ) only, are 
identical. 

In any calculus Q l (SO q {3)) admitting the q-monopole connection one can define one-form 
uj\ by (|lO|), with irj^f a canonical projection related to the bimodule TV defining Q, 1 (SO q (3)). 
Then the connection ujd '■ kere/Q — > Q}{SO q {3)) can be computed explicitly, 

u D {[Z -\}) = {l + q- 2 )u l . 

The canonical map is : ker e c t Z}Z -i-\/ Q — > ker €50^(3) /Qpj with TV = 0(5O ? (3) (g> Qp), cor- 
responding to W£) comes out as ir)([Z — 1]) = [a 2 — 1] and is clearly Ad-covariant since 
Ad([Z - 1]) = [Z - 1] <8> 1 and Ad([a 2 - 1]) = [a 2 - 1] ® 1. 

Similarly, regardless of the differential calculus on P\(Mi,C[Z, Z -1 ], $1), the local connection 
one-form f3 : ker ^c\z,z- x ] ~^ "(-Mi) can be computed as follows. It is given by 

m = d>i(/ i(1) )^(/ l(2) ) (1) d(i(/ l(2) ) (2) ci>r l (/ l( 3 ) )). 



To compute it explicitly one can use Lemma 3.4 to prove the following 



Lemma 4.3 Let P(M, C[Z, Z -1 ], $) be a trivial quantum principal bundle with a trivialisation 
$ which is an algebra map. Assume that differential structure ri 1 (C[Z, Z -1 ]) is given by the 
ideal generated by Z _1 + q 4 Z — (1 + q 4 ) for q a complex, non-zero parameter. Then uj = 
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$ 1 */Jo7r e *<J? + 3? 1 * d o $ is a connection in P(M, C[Z, Z 1 ], $) ?/ and on/?/ z/ i/ie map 
j3 : kere — > f2 (M) satisfies the following conditions 

(3(Z n+1 -l) = (l + g- 4 )$(Z)/3(Z n -l)$- 1 (Z)-g- 4 $(Z 2 )/3(Z n - 1 -l)$- 1 (Z 2 ) 
+ (1 + g- 4 )$(Z)d$- 1 (Z) - ^^(Z^d^-^Z 2 ) 

/3(Z" n -l) = (l + g 4 )$- 1 (Z)/3(Z- n+1 -l)$(Z)-g 4 $- 1 (Z 2 )/3(Z- n+2 -l)$(Z 2 ) 
+(1 + g 4 )$~ 1 (Z)d$ ( Z) - g 4 $- 1 (Z 2 )d$(Z 2 ), 

for any n € N. 

The above lemma implies, in particular, that the map (3 corresponding to the g-monopole 
connection is fully determined by its action on Z — 1 say, where it is given by 

0{Z - 1) = (1 - zzy 1 (q 2 zdz - q- 2 zdz). 

The above formula for (3 is valid in any differential structure on M\ which admits a g-monopole 
connection, in particular in the natural one discussed above. The map (3 is related to g-monopole 



connection u>rj as in Proposition 3.3. The corresponding map $i can be constructed and, 
applied to the generic element of N^z^- 1 ] °f the form 6(g<g>h), g £ C[Z, Z^ 1 ], h G Q, reads 

5 Finite gauge theory and Czech cohomology 

In this section we show how quantum differential calculi and gauge theory can be applied in the 
simplest setting where M = C(S), £ a finite set, and H = C(G), G a finite group. We consider 
the case of a tensor product bundle P = C(S) <g>C(G). We show how this formalism provides a 
quantum geometrical picture of Czech cohomology when S is the indexing set of a good cover 
of a topological manifold. This demonstrates a possible new direction to the construction of 
manifold invariants: instead of the usual approach in algebraic topology whereby one looks at 
the combinatorics of the geometrical structures on manifolds, we consider instead the (quantum) 
geometry of combinatorial structures on the manifold. 
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Although we are primarily interested in 1-forms (and occasionally 2-forms), it is important 
to know that they extend to an entire exterior algebra. Recall that for any unital algebra M 
there is a universal extension Q'M of M given in degree n as the joint kernel in M® n+l of 
all the n maps given by adjacent product. It can be viewed as Q 1 M <g> m O^M ®m ■ ■ ■ ®m £1 M. 
The collection Q'M forms a differential graded algebra with 

(ao <8> • • • <8> a n ) ■ (b (g> • • • (g) b m ) = (a ® • • • ® a m bo ® • • • ® b m ) 
du(flo ® • • • <g> o n ) = S"io ( _ l) J ( a o ® • • • ® aj-i ® 1 (8 a? <8> ■ • • <8> a„) 

with the obvious conventions for j = 0,n + 1 understood. A general exterior algebra f2'(M) 
is then obtained by quotienting it by a differential graded ideal, i.e. an ideal of Q'M stable 
under djj- Without loss of generality, we always assume that the degree component of the 
differential ideal is trivial. The degree 1 component is in particular a sub-bimodule Mm of 
Q}M as in the setting above. Conversely, O (Af ) as defined by a sub-bimodule Mm has a 
maximal prolongation to an exterior algebra Q'(M) by taking differential ideal generated by 
Mm, d\jM m- In each degree it can be viewed as a quotient of Q 1 (M) ®m fi^M) ®m • • • fi^M) 
by the additional relations implied by the Leibniz rule applied to the relations of Q 1 (M) cf[jl]]. 
For example, Q 2 (M) = Q 1 (M) <&m ^ 1 (M)/(7Tm <8>m ^M){duM m), where ttm is the canonical 
projection fi x M -» ^(M). 

Clearly one may take a similar view for Q 2 (M). The degree 2 part of a differential ideal of 
0,'M will, in particular, be a subbimodule J- in the range 

A7^ C T C ft 2 M 

where A/"m = (O iW^A/Ovf +A/"m(" + d[/A/"A/ is a subbimodule (in view of the Leibniz rule for 
djj), and S7 2 (M) = ^l 2 M/T '. Conversely, given J7 1 (M), any subbimodule J~ in this range defines 
an ft 2 (M) compatible with Q (ilf) in the natural way. Moreover, taking the differential ideal 
generated by Mm , J 7 , du T provides a prolongation of 1 (M),0 2 (M) as specified by Mm, J 7 - 
Similarly, one may specify the exterior algebra up to any finite degree and know that it prolongs 
to an entire exterior algebra O'(M). This is the point of view which we take throughout the 
paper. 
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We begin with a lemma which is well-known (see e.g. [26, p. 184]), but which we include 



because it provides the framework for our analysis of Q 1 and Q 2 in the case of a discrete set. 

Lemma 5.1 When J] is a finite set of order |£|, f2 n C(£) may be identified with the subset 
c' s ' <X> • • • <g> c' s ' consisting of degree-(n + 1) tensors vanishing on any adjacent diagonal. The 
exterior derivative Q n ~ 1 C(T l ) — > r2 n C(£) is 

n+l 

{duf)i ,-,i n = Y, { 1 )'/,,...,;,,,;„ 

3=0 

where " denotes ommission. The algebra structure o/fi'C(£) is (/ • g)i -i n+m = fi ---i„gi„-i n+m 
for f of degree n and g of degree m. 

Proof We consider C(£) as a vector space with basis £. An element is then a vector in 
C n with components fi for i £ E, The corresponding function is / = J2i fi$i where 5i is the 
Kronecker delta- function at i. We have $7 n C(S) as a subspace of C(E)® n+1 in the kernel of 
adjacent product maps. These send J2 fi -iji ® ' ' ' to fi ---ij-i,ij-i,ij+vinK <2> — <8> tS^ 
for all j = 1 to j = n. So the joint kernel means tensors fi 0t —i n vanishing on the identification 
of any two adjacent indices. The action of djj on f2 n-1 C(X) is a signed insertion of 1 in each 
position of the n-fold tensor product, which is the form stated. The product structure is the 
pointwise product with the outer copies of C(S), as stated. □ 

In particular, we identify 1 C(S) with |E| x |S| matrices vanishing on the diagonal. 

Proposition 5.2 Let £ be a finite set. Then the possible ri 1 (C(S)) are in 1-1 correspondence 
with subsets E C £ x E — Diag. The quotient il 1 (C(E)) is obtained by setting to zero the matrix 
entries fij for which (i,j) ^ E. In this way we identify fi 1 (C(E)) = C(E). 

Proof We consider first the possible sub-bimodules Mm C J7 1 C(E). Let Si denote the obvious 
(Kronecker delta-function) basis elements of C(E). If X8i ®8j+ii8ii ®5ji € Mm for ^ 
then multiplying by <5j from the left or by 5j from the right implies that A<5j (g> 5j £ Mm also, as 
Mm is required to be a sub-bimodule. Hence Mm = span{<5j <g> 5j} for in some subset of 
E x E — Diagonal. We denote the complement of this subset in E x E — diag by E. This gives 
the general form of a nonuniversal f2 1 (C(E)) = J7 1 C(E)/A^m- D 
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We write i—j whenever £ E and we write i#j whenever is in the complement of 
E in S x £ — diag. 

Lemma 5.3 Lei J7 1 (C(E)) 6e defined as above by E. Then the possible Q 2 (C(T,)) extending this 
are in 1-1 correspondence with vector subspaces Vij C C(S — {i,j}) such that 

V ik 3 < Sj ifi#j,j + k . 

Then ft 2 (C(£)) = ® C(S - {i, k})/V ik <g) S k . We say that f} 2 (C(£)) is local if all the V ik 

are spanned by 5-function basis elements. 

Proof We first compute Mm- Clearly, 7Vm(^ 1 C(S)) = span{<5j <g> Sj <S> S k \ Vi#j, k / j} and 
(^ 1 C(S))A/'m = span{5j ® (5,- <8> 5 fc |Vi 7^ j, k#j}, while for d[/<5; <g> <5j = 1 ^ ® <5,— <5, <g> 1 <g> Sj+ 
5i (8) 5; <8> 1 has most of its terms contained already in the above. The additional contribution 
to Mm is {5« ®{J2 a ^i,j da) ® ^ I These three subspaces span A^m- Meanwhile, by similar 

arguments to the proof of Lemma 5.1, any C(S)-bimodule T C r2 2 C(E) has the form 

T = span{<5iOFi fe (g)(5 fe | i, k G £}, y ifc C C(S - {i, k}) 

for some vector subspaces as shown. In order to contain Mm we see that we require the subspaces 
Vik to contain the elements stated. □ 

The local case is clearly the natural one for 'geometry' on the set S. From Proposition 5.2 
we know that r2 1 (C(S)) is always local in the same sense. From the above lemma we see that 
its maximal prolongation has the = except in the cases stated, when it is spanned by the 
stated vectors; it is therefore not local and we need to quotient it further. 

Theorem 5.4 Local ri 2 (C(£)) are in correspondence with subsets 

F Q{(i,j) GSxS| i-j, j-i}, FQ{(i,j,k) GSxSxS| i-j,j-k,i-k}. 

Then ri 2 (C(S)) = C(F) © C(Fq) can be identified with 3-tensors fij k vanishing on adjacent 
diagonals and such that either i = k, £ Fq or k) € F. 
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The 1-cycles in 1 (C(S)) are fij such that 

fij = ~fjii fij ~ fik + fjk = 

for all G Fq and k) G F respectively. Moreover, the image o/C(S) is (dg)ij = g% — gj 
for all i — j. 

Proof In the preceding lemma we consider V ik as spanned by (^-functions on the complement 
of some subsets Fi k C £ — {i, k}, say. We consider the requirements of the lemma for the three 
mutually exclusive possible cases i#k, i = k and i — k. To contain J2j^i,k $j m the first case, we 
need Fik = 0- For the second case, we know that i#j or j#i must imply j not in Fa, i.e. j G F«j 
should imply z — j and j — i (we consider only jGS - {i}). This requires Fjj C {j\i — j,j — i}. 
Similarly for the third possibility. Thus, the conditions on Vik in the preceding lemma become 
now 

r0 iii#k 
Fik Q < {j G S|i - j, j - i} if i = k . 
[{j eT,\i-j,j -k} iii-k 

Moreover, in the local case we can identify the quotients as remaining basis elements, i.e. 
ft 2 (C(£)) = @ it k6i®C(F ik )®5 k . 

Next, we can collect together all the F ik where i — k. The specification of these is equivalent 
to the specification of F as stated. Likewise, the specification of all the Fa is equivalent to the 
specification of Fq as stated. Then 2 (C(S)) = C(i ? )©C(i ? o) where C(i ? ) refers to the coefficients 
of vectors of the form Si (g> 8j (8) S k when i — j,j — k,i — k, and C(Fo) refers to coefficients of 
Si (8> Sj (8 Si . 

Finally, we compute the (d/)y, = fij + fa and (df) ijk = f {j - f ik + f jk in ft 2 (C(£)), where 
we need only consider G Fo in the first equation and (i,j, k) G F in the second. Hence the 
closed forms are as stated. □ 

It should be clear that a similar situation occurs to all orders. The maximal prolongation 
of local fi 1 ,^ 2 , say, will not be local, requiring further subset data to obtain local Q 3 , and 
so on. Note also that such 'finite differential geometry' makes no sense classically because 1- 
forms and functions commute in 17 1 (C(S)) only in the trivial case; one needs the more general 
axioms of quantum differential geometry and quantum exterior algebra. As an application, 
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we may associate a suitable nonuniversal quantum differential calculus to any finite cover of a 
topological manifold, i.e. we have the possibility to do 'geometry' on the combinatorics of the 
manifold rather than combinatorics of the geometry. We recall that a finite cover {Ui} has some 
nonzero intersections {U fl Uj}, some nonzero triple intersections {U, n Uj n U^} etc. 

Corollary 5.5 Let X be a topological manifold with a finite good open cover {Ui} where i run 
over an indexing set E. The cover has an associated local quantum differential calculus fl l (C(T,)), 
2 (C(E)) such that its quantum cohomology is the Czech cohomology -ff 1 (X). 

Proof Let E be the distinct pairs for which Ui fl Uj 7^ 0. Here i — j iff j — i so E has a 
symmetric form. We take Fq = E. We take for F the distinct triples for which Ui n Uj PI U^ 7^ 0. 
We have 1-cochains {fij} defined for i — j but we do not require fji = — /« for the cochain itself, 
i.e there are many more 1-cochains than in Czech cohomology. On the other hand, the closure 
condition is stronger than in Czech cohomology and antisymmetry appears 'on shell' for any 
closed cochain. The image of d in J7 1 (C(S)) has the usual (antisymmetric) form, so we recover 
the usual H l {X) in spite of the 'quantum' construction. □ 

Note that for a smooth compact manifold this recovers the DeRahm cohomology H (X), i.e. 
we recover a known geometrical invariant from 'geometry' directly on the cover. Also, it should 
be clear that the similar result applies more generally to any simplicial complex (with the one in 
the corollary being the nerve of the cover of a topological manifold.) We let E be the vertices, 
E the edges and F the faces. The associated quantum exterior algebra fi'(C(E)) is such that 
its cohomology H 1 coincides with the usual simplicial cohomology. Unlike the usual situation, 
however, our 'quantum' resolution of the simplicial cohomology has the cochains forming a 
differential graded algebra and not only a complex of vector spaces as in the usual situation. 
This allows us to proceed in a 'geometrical' fashion. Essentially, the product in Lemma 5.1 is 
not compatible with antisymmetry of the cochains and we instead impose the antisymmetry 
only 'on shell' and not for the cochains themselves. Although the similarity of du in Lemma 5.1 
with the Czech coboundary is obvious from the outset, one usually imposes antisymmetry by 
hand on the cochains (see for example p7[| ) and hence loses the exterior algebra structure. 
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We may now proceed to consider further geometrical structures in this discrete setting. In 
particular, gauge theory or quantum group gauge theory then provides the natural extension to 
group or quantum-group valued Czech cohomology. We note first that if we are interested in 
only trivial principal bundles and gauge theory in terms of the base M, we do not need to fix 
a differential calculus ^(H). We need only the coalgebra structure of for a formal gauge 
theory with any f3 : H — > Q}{M) (not necessarily vanishing on 1) and any 7 : H — > M (not 
necessarily unital). As explained in j28j we can use any nonuniversal Q 1 (M), fi 2 (M) which are 
compatible (as part of a differential graded algebra), and still have the fundamental lemma of 
gauge theory that 

F(p) =d(3 + (3*(3; (3~< = 7 _1 * (3 * 7 + 7" 1 * d 7 

obeys 

F{f) = 7- 1 * F(f3) * 7 

where * denotes the convolution product defined via the coproduct of H. We can still have 
sections and covariant derivatives as well at this level [E^]. Equally well, we can work with 
f3 E f2 (M) (g) A and invertible 7 G M (g> A, where A need only be a unital algebra. For example, 
the zero curvature equation d/3 + j3 * (3 = makes sense in Q 2 (M) <g> A. 

Proposition 5.6 Let A be a unital algebra and consider gauge fields (3 £ r^ 1 (C(E)) (g> A such that 
F(f3) = in fl 2 (C(Y,)) <g> A. There is an action of the group of invertible elements 7 G C(S) <X> A 
on this space and the moduli space of zero curvature gauge fields modulo such transformations 
coincides with the multiplicative Czech cohomology H l (X,A) in the setting of the preceding 
corollary. 

Proof In the setting of Proposition 5.4 we have 

for all E Fq and (i,j, k) G F respectively. Hence the zero-curvature equation is 
(1 + /%)(! + Pji) = 1, (1 + /%)(! + (3 jk ) = 1 + Afc 
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as a multiplicative version of Proposition 5.4 and with values in A. Although fyj are not imposed 
to be such that gij = 1 + (3ij is invertible, we see that this appears 'on shell' for zero curvature 
gauge fields, along with g^ 1 = g^. Finally, a gauge transformation means 7 £ C(£)<8>>1 with 
components {7^} invertible, and the action on connections is 

for all i — j. Hence, in the particular setting of Corollary 5.5 (or more generally for a simplicial 
complex) we obtain for the moduli space of zero curvature gauge fields the multiplicative Czech 
cohomology. □ 

Note that if A supports logarithms then 1 + (3ij = exp fij and the multiplicative theory 
becomes equivalent to the additive theory as in Corollary 5.5, i.e. we have a second interpretation 
with / as A-valued quantum differential forms in this case. 

We proceed now to quantum group gauge theory with a full quantum geometric structure 
where P = C(E)®C(G) = C(S x G), G a finite group (say) and both C(G), C(S) are equipped 
with quantum differential calculi. Bicovariant (coirreducible) calculi on C(G) are known to 
correspond to nontrivial conjugacy classes on G. When G = Z2 there is only one non-zero 
calculus, which is also the universal one. Here ker e is 1-dimensional so (3, 7 are fully specified 
as j3 <G 1 (C(I1)) and 7 G C(S) with invertible components. In this case we recover the setting 
of Proposition 5.6 with A = C. However, for other groups (or if we use the zero calculus on 
C(Z2)) we need the theory of quantum principal bundles with nonuniversal calculi developed in 
Section 3. We demonstrate some of this theory now, namely Proposition 3.3 which provides the 
construction of the differential calculus on a trivial bundle P by 'gluing' the chosen calculi on 
the base and on the fibre via a universal connection. 

We consider G = Z3 = {e,g, g 2 }, which has two non-zero bicovariant calculi, associated to 
g or g~ x . Without loss of generality we consider the one associated to g. Then Q 1 ( K C(Z^)) is 
1-dimensional over H = C(Z^). The unique normalised left-invariant 1-form is u\ say and 

dd e = (5 g 2 - S e )uji, d5 g = (5 e - 5g)oJi, L0i5 gi = 8 g i-iu\ 

gives its structure on a 5- function basis of C(Zs). The ideal Q for this bicovariant calculus is 
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Q = C5 g 2. From the point of view of Proposition 5.2, the calculus corresponds to edges specified 
by a — b iff a = b — 1, where a, b £ {0, 1, 2} mod 3. The corresponding subbimodule of Q 1 C(Zs) 
is span{5 e <g 5 g 2 ,5 g <g)5 e , 5 g 2 <g 8 g }. 

Example 5.7 Let C(S) have differential calculus described by a collection of edges {i — j} 
via Proposition 5.2. Let C(Zs) have the standard 1- dimensional calculus as above. For any 
Pu '■ ker e — > f2 1 C(S), i.e. a pair (3^> = (3u{$g), = A/(<V) o/|S|x|S| of matrices with zero 
diagonal, the induced r2 1 (C(S x Z3)) via Proposition 3.3 has the allowed edges 

(i,a)-(j,a) if i-j, 4 2) =0 
(i, a) — (i,b) if a = b — 1 
(i,a-l)-0» if i-j, ^ =° 

Moreover, uj : kere/Q -> J7 1 (C(S x Z 3 )) de/med 6y 

L0 (dg) = ^2 ^2 Pif <>i® $g a ® §j ® $g a ~ ^2 ^2o~i®<> g a~i (g)5j ®5 g a 

i-j4?=° a 

— ^2 ^ ® < V 1_1 ® #i <8> S g a 



is a connection on C(S x Z3) as a quantum principal bundle with this quantum differential 
calculus. 

Proof Since P = C(S) <gC(Z 3 ) is a tensor product bundle P = M <g> H, the trivialisation in 
Proposition 3.3 is <3?(/i) = l<S)h and so 

uju(h) = (l(g> Sh {1) )f3u(-K e (h {2) )) (g h (3) + 1 <g> S7i (1) 1 h (2) - 1 (g) 1 <g 1 (8) le(/i). 

To compute the minimal horizontal subbimodule 

A/"o = Pspan{(m<g h m )LOu(qh (2 )) — (jOu{q){m® h)\ q G Q, m € M, h £ H} 

and A/" = (PN M P, Puju(Q)P) defining fi^P), we compute first 

<^t/(^2) = X] dg- a /3u{Sgb)SgC + X 1 (g) <5 g -a <g> 1 <g <5 g 6 

a+6+c=2 a+6=2 

= X P^hi <g <5 g a-l (g) (5j <g 5 g a + ^ PifSi <g Sga (g (5," (g S g a - ^ 1 (g <5 g a+l <g 1 <g <5 g a 

i,j",o i,j,a a 

32 



where indices a, b, c are taken in {0, 1, 2} mod 3 and i,j € S. Then 

(Si ® Sgb (Sg2 )(S k ®Sga) 

= (Si ® Sgb ® 1 ® 1) x 

X (gi <5j (g (5 9 a-l ® <5fc ® (5 fl a + ^2 Pjk S 3 ® <V ® 4 ® <V _ 1 ® <V+l ® ^fc ® <V ) 

T j 

= S bia -l(3$Sl ® (5 fl a-l ® <5fc ® (5 9 « + S^aP^Sl ® <5ga ® <5fc ® (5 9 a + (5fe ja+ l(5; ® 5 9 a+l ® (5fe ® <5 g a 

Choosing b = a — 1, a, a + lwe see that 

Puju(Q)P= span{<5i ® <5 g a-i ® <5j ® <5 ff a / 0} + span{5; ® <5 g a ® ® S g a \pW ^ 0} 
+span{5j ® S g a+i ® <5j ® <5 g o}. 

This and 

PMmP = span{(5j ® <5 fl a ® Sj ® 5 9 b | 
gives TV. One may compute TVo similarly, noting that since Q = CS g 2 , 

Mo = span{(<5/ ® S gb ® 1® 1) (^(S k (E> S g a+i)iJ u (S g 2) - uu(S g 2)(S k ® <V))}- 

This turns out to be the Pu>u(Q)P in which its third part is restricted to span{5j ® S g a+i ® Sj ® <5 9 a 

j}- 

Next, we compute the edges corresponding to TV as in the setting of Proposition 5.2. We 
consider only (i,a) / (j, b). Then (i,a)#(j,b) whenever a = b + 1 or (a = b — 1, [5^ ^ 0) or 
(a = 6, /?|- ^ 0). So the complementary set is (i, a) — (j, b) whenever (a = b or a = b — 1) and 
(i = j or i — j) and (a = b or = 0) and (a = b — 1 or = 0), which simplifies as stated. 

Finally, Proposition 3.3 also provides for a connection uj : kere/Q — ► $7 1 (P). In our case we 
identify kere/Q = CS g . Then 

We then project this down by setting to zero elements in TV, which gives the result as shown. In 
specific examples one may also compute Q l p (M) obtained by restricting ^(P) to M (in general 
it will not be our original J1 1 (M), having instead the new subbimodule f^M PI TV). □ 
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We see that a connection f3jj 'glues' the differential calculus in C(G) to that on C(£) to 
obtain a differential calculus on the total space. We can of course take quantum groups other 
than C(G). For example, we may take H = CG, G a finite group. When G is non Abelian, H 
is not the function algebra on any space, so this is a genuine application of 'noncommutative 



geometry'. In this case we know from [13] that (coirreducible) bicovariant calculi 1 (CG) may 
be identified with pairs (V, A) where V is an (irreducible) representation and A € P(V*). We 
will construct nonuniversal calculi and connections on bicrossproduct bundles of this type (i.e. 
with fibre CG) in the next section. 

One can (in principle) consider other connections on this bundle, the zero curvature condition 
etc., and obtain in this way (in view of Proposition 5.6) a slew of refinements of Czech cohomology 
with values in quantum groups equipped with quantum differential structures. Recall that at 
the level of naive gauge theory as in Proposition 5.6 only the coalgebra of H enters. Thus 
H = CG just yields \G\ — 1 copies of the 1-dimensional gauge theory. By contrast, the theory 
with nonuniversal calculi on the fibre and bundle carries much more information, including the 
group structure and (in the case of CG) the choice of (V, A). One also has extensions of the 
geometric theory of quantum principal bundles where the fibre is a braided group or only a 
coalgebra[pl]l [p9| . In a dual form it means gauge fields with values in algebras (not necessarily 
Hopf algebras) equipped with differential calculi. 

Finally, the extension of these ideas to values in a sheaf is also important. Valuation of the 
usual Czech H 1 in the structure sheaf provides of course a classification of line bundles over 
X, etc. By taking more exotic Hopf algebras and differential calculi in a sheaf setting we may 
obtain more interesting invariants and 'quantum geometrical' methods to compute them. A 
further long-range suggestion provided by the above result is that the role of an 'open cover' can 
be naturally encoded as a discrete algebra (here C(S)) and the choice of nonuniversal differential 
calculus on it. One may be able to turn this around and take a discrete algebra M and choice of 
ST(M) on it as the starting point for the definition of a quantum manifold 'with cover M\ One 
should then define a 'sheaf over M, Q'(M)\ etc. These are directions to be explored elsewhere. 
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6 Bundles and Connections on Cross Product Hopf Algebras 

As noted already in Section 2, a general trivial quantum principal bundle has the form of a 
cocycle cross product. Here we will consider in detail some special cases of such cross products 
where the total space P is itself a Hopf algebra. This covers many of the Hopf algebras in 
the literature, providing for them natural calculi and connections. This is a further concrete 
application of quantum group gauge theory and provides a uniform approach to the different 
kinds of cross product. 

In fact, there are mainly two different general constructions for Hopf algebras where the 
algebra part is a cross product. The first, the bicrossproduct construction M associates quantum 
groups to group factorisations. The other is a bosonisation construction J30|j which provides the 
Borel and maximal parabolic parts of the quantum groups U q (g), as well as a way of thinking 
about the quantum double|| @ and Poincare quantum groupsQ. Slightly more general is a 



biproduct construction |3l| |5j], with the starting point being a braided group. 

Note that if a homogeneous bundle as in Example 2.3 is split by a coalgebra map i : H —* P 
then (a) the bundle is trivial by = i and (b) the Ad-invariance condition in Example 2.3 
holds and the canonical connection Si(h) m di(h)^ 2 ) coincides with the trivial (3 = connection 
in Example 3.3. The bosonisations are of this type (in fact, i a Hopf algebra map), while 
bicrossproducts are not in general of this type, although the bundle is still trivial. 

6.1 Bicrossproducts 



We recall [10] that a general extension of Hopf algebras has the form of a bicrossproduct 

M -> Mk\H -> H 

possibly with cocycles. 

We consider the cocycle-free case. In this case H acts on M and M coacts on H and the 
Hopf algebra structure is the associated cross product and cross coproduct (or 'bicrossproduct') 
from Q. In this case it is immediate to see from the explicit formulae that tt : MxH — > H, 
ir(m®h) = e(m)h is a homogeneous quantum principal bundle over M. Moreover, the map 
$ : H — > MxH, <&(/i) = 1 (8) h is an algebra map. It is easy to see that Ar o $ = (<£ <g> id) o A 
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and <I> = <1> o S, so that MxH as a bundle is trivial. From Proposition 3.3 we already know- 
that natural calculi Q 1 (P) are provided by the choice of connection defined by /% : ker e — > r^M. 
We provide now a construction for suitable flu such that the resulting is left-invariant. 

Proposition 6.1 Strong, left-invariant connections in Mx\H as a trivial quantum principal 
bundle are in 1-1 correspondence with linear left-invariant maps (5jj : kere — ► Q}M such that 

fo(ir e (h w ))h m ™®h m W - h (1) Wpu{Tr £ {h (2) ))®h (1) (J) = duh^®h Cl) 

Moreover, such /% are in 1-1 correspondence with linear maps 7 : H — > M obeying 7(1) = 1 
and 6m 7 = £h> & n d such that 

7(/i (1) )/i (2) (2) ® h (2) (1) = 7(/i (2) ) <g> V/i G H. 

XTie correspondence is via 

0u(h) = (S 7 (h) (1) )d u7 (h) (2) . 
The corresponding ojjj is a canonical connection for a splitting map i(h) = 7(fyi)) <8>/t( 2 ). 

Proof First recall some basic facts about bicrossproducts that are needed for the proof. The 
definition of a coproduct in MxH, A(m®h) = m (1) <g> h (1) w <8> m (2) h {1) {2> ® /i (2) implies that 
A$(/i) = <E>(/i (1) (1) ) (g)/i (1) (2) <3?(/i {2) ). Let a : H — > M®H denote a right coaction of M on 
# used for the definition of MxH, i.e. a(/i) = <g> /i (2) . Then the property a^/i) = 
g il) Vhm®g il) &{g i2) >h&) implies 

= a(Sh (2) h (s) MSh w ) = 5/ l( 3 ) (I) / l(4) (I) ®5/ l(3) (i) (5/i (2 )>/i(4) (5) )^(5/i(i)) 
= 5^ (I) h (B) (I) 0^4) (2) *(S/i (3) )/ i(5) (5) $(S 2 ^ (2) 5/ i(1) ) 
= Sh m Vh l3) ™ ®Sh {2) & ^(Sh w )h {3) 

where we used the fact that /i>m = $(/i (1) )m$(S'/i (2) ), Vm € M, h £ H. Therefore 

l H ®*(S/i) = Sfy 2) ( %3) (1) ® Sh m ®$(Sh m )h (3) ® . (15) 
Similarly, for any h £ H 

e(h)l H ® 1 M = h w ®Sh w ® ® /i (1) (5 >$(/i (2) )S/i (4) (5) $(S/i (3) ). (16) 
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Now we can start proving the proposition. First assume that lo\j is a strong, left-invariant 
connection. Recall from B that the connection II : f^P — > f^P in P(M, H) is said to be strong 
if (id - n)(d[/P) C (Q 1 M)P. In the case of a trivial bundle P(M,iT,$) this is equivalent to 
the existence of a map : kerejy — ► Q 1 M, given by Pu{h) = ^(h w )cou{TTe{h( 2 )))^ 1 (^(3)) + 
$(/i (1) )dt/$ _1 (/i( 2 )). In our case $ is an algebra map, therefore = $oS. Since uiu is assumed 
to be left-invariant we find, for any h G kerejy, 

A L (^(7r e (fc (1) ))/i (3) (5) )®^w (i) 

= $(/l (1) ) (1) $(5/l (3) ) (1 )/l ( 4 ) (2) (l ) ® ^(/l(l))(2)Wt/(vr e (/l (2) ))$( < S/l ( 3)) (2) /l ( 4) (2) (2) (» /l(4) (1) 

+$(/t (1 )) (1 )$(<S7i (2) ) (1) /i (3 ^ 
= *(ft (1) (I) 5^ ( 5) Cl) )/i ( «) (5) w ® / i(1) (2) $(/ i(2) )u; { /(7r e (/ l( 3 ) ))5/ l(5) ^ci>(5/ l(4) )/ l(6) ( 5 ) (2) ® fy 6) « 
+$(/ l(1) «5/ l(4) W)/i (5) (2) ( 1 ) ® /i(i ) (5) $(/i( 2) )d t /(5/i (4) ^$(5/i (3) ))/i (5) W (2) 0^5)^. 

On the other hand since G O x M, A L ((3u(h)) G Mfgif^M, i.e. A L is the coaction of M 

on Q M. Therefore the outcome of the above calculation must be in M (8>fi M ®H. Applying 
Iff^M <8> id^ijvf <8> id_ff and noting that (e^ (g)id)(l <g) h){m® 1) = e(m)h, for any h € H and 
m G M we find 

liT®/5c/(^(/i(i)))/i( 2 ) (2) <8)/i(2) (I) 

= h (1) <»Sh m ® ® /i (1) (2) $(/ l(2) )w c/ (^(/ l(3) ))5/ l(5) (2) $(5/ i(4) )/i (6) (2) 8) V T) 
+/ l(1) «5/ i(4) « ® / l(1) ( 2 ^(/ l(2) )d c/ (5/ l(4 / 2 >cD(5/ i( 3 ) )/ l(5) (2) ) ® /i (5) « 
-h m ®Sh w ® ® / l(1) (2) $(/ l(2) )5/ i(4) < 2 )cI>(5/ i( 3 ) )d l/ / i(5 / 2 » ® k (s) «. 

This implies 

/3i/(vr e (/ l(1) ))/ i(2) (2) ^/ i(2) (I) 
= /i (1) ( 2 ^(/ l(2) )t i ; l/ (7r e (/i ( 3 ) ))5/ l(5 / 2 ^(5/ l(4) )/i (6) ^ h w ®Sh m Vh w ® 
+/ l(1) ( ^(^ ) )d t /(5/ i(4) (i) $(S/ i( 3 ) )^ 5) ( ^)®^i) (i) ^ ( 4) (i) /i, 5 ) (I) 
(2) *(/i (2) ) 5/i (4) (2) *(5fc (s) )di; /» (e) (2) ® (I) S7» (4) (I) h {5) < T > 
= / l(1) (2) cD(/ l(2) )^(7r e (/ l( 3 ) ))1>(5/ i(4) ) ® h {1) Cl) + h w ^^(h (2) )du^(Sh (a) ) ® 
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+h m ®e(h (2) ) ® 1 ® ^(D (I) - h w C2 ^(h (2) )Sh w ^<S>(Sh {3) ) ® /i {6) ® ® h^Sh^h^ 
= h m ® Pu(ir e (h la) )) ® + ?t c5) ® 1 - e(/t (1) ) ® h m C2) ® /i {2) (1) 

= V^W^)))®^^ -duh®®h®, 

where we used property ( |l5|) and definition of the universal differential to derive the second 
equality and ( |l6| ) to derive the third one. 
Furthermore, we find 

A L (Pu(h)) = *(/j (1) ) {1) $(S7t (3 )) (1) ® $(^ {1) ) (2) w C /(7r e (^ (2) ))$(5/i ( 3 ) ) (2 ) 
+$(/i (1) ) (1) $(,S7i (2) ) (1) ® $(/i (1) ) C2) d £/ $(S'/i (2) ) (2) 

= $( V 1 ') ® /i( 1 ) ( ' ) <5(/i (2 ))w C /(7r £ (/ l(3) ))5/ l(5) ^$(5/ i(4) ) 

+ $(/l (1) (I) ^ (4) (I) ) /l (1) (5) $(/ l(2) )d C/ (^ (4) (i) $(5/ l( 3 ) )) 

Using the fact that Ai,(flu{h)) £ M®il 1 M and that M is invariant under Ar we can apply 
A# to first factor in Az(flu(h)) then <I> _1 to second factor in the resulting tensor product and 
multiply first two factors to obtain back Ai,(flu(h)). Applying the same procedure to the right 
hand side of the above equality, using the fact that is an intertwiner for the right coaction of 
H on MxH as well as the properties of a counit in Mx\H we thus find 

AlCM/0) = e(V T) sV T) )i® V^(M^e(/^ 

+e(V I) SV I) ) 1 ® h m W$(h (2) )du(Sh {4) ®$(Sh i3) )) 
= 1 (8)($(/i (1) )a; C 7(7r e (/i (2) ))$(5/i ( 3 ) ) + $(h m )du®(Sh (2) )) = 1 flu(h). 

Therefore is left-invariant as stated. 

Conversely, let flu : ker en — ► M be a left-invariant linear map satisfying the condi- 
tion in the proposition. Define u>u : kere# — > l^P by u>u(h) = $(5/i (1) )/3[/(7r e (/i( 2) ))$(/i (3) ) + 
<J ) (S'/i( 1 ))d(7 < I>(/i(2)). The map is a strong connection 1-form. We need to verify whether it is 
left-invariant. For any h £ ker tu we use the left-invariance of flu and compute 

A L cu(/i) = <D(S V T) /i (4) (T) ) ® ^ (2) ^$(5/ i(1) )/3 l/ (^(/i (3) ))/ l(4) ( ^$(/i (5) ) 
+cD(5/ l(2) W/ l(3) (I) ) ® ^V^^MV^^))) 
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= *{Sh (a) ®h w ®) ® S/ l(2) ^cD(5/ i{1) )/ l( 3 ) ( ^ ) /3 l /(7r £ (/ l(4) ))cI>(/ i(5) ) 
-$(5/i (2) (I) /i (3) (I) ) ® 5/ i(2) (i) $(5/ i(1) )(d l // l(3) (i) )^(/i(4)) 

+ $(5/ l(2) (I) / l(3) (I) ) ® 5/ i(2) ( ^cD(5/ l(1) )(d l/ / l( 3 ) ^)^(/i(4)) 

= 1 ®($(5/ l(1) )/3 [/ (7r e (/ i(2) ))$(/ i( 3 ) ) + *(S/i (1) )dt,*(S7i (a) )), 
where the assumption about fijj and the Leibniz rule were used in the derivation of the second 



equality and the property (15) in derivation of the last one. Therefore oju is a left-invariant 
connection as required. 

Since /3u(h) is a left-invariant form on M for any h £ kere// then the similar argument as 
in the proof of Proposition 3.4 yields that Pu(h) = S'j(h) w du'y(h)^2) with 7 = {em ® id) o 
a map kere# — * kerejw, which is extended uniquely to H by setting 7(1) = 1. In other words 
7(/i) = (6m <8>id)of3u(Tr e (h)) + e(h)lM, for any h £ H. Notice that eM(l(h)) = en(h). Assuming 
that 0u satisfies the condition specified in the proposition and applying eu ®id one finds 

(7Wfyx))) + < h m))h (2) &) ® /i (2) (I) = (7(7r 6 (fc (a) )) + e(/i {2) )) ® h w , 

i.e. 

7(/ l(1) )/ i(2) (2) ®/i {2) (1) = j(h (2) )®h m , Vh e F, 

as required. Now take any map 7 : H — > M, 7(1) = 1, cm 07 = e#, and such that the above 
condition is satisfied. Applying (S ® id)oA to the first factor in this equality and using definition 
of the universal differential one finds 

S'/i (2) (2) (1) 57(/i (1) ) (1) (d(77(/i (1) ) (2) )/i (2) (2) {2) ® h (2) w - S'7(/i (2) ) (1) d C /7(/i {2) ) (2) ® h w 

or, by using the form of (3u, i.e. = S^y(h) m du'y(h)^) 

Sh {2) & \ 1) p u (7r £ (h w ))h m & \ 2) ®h i2) a) -p(ir e (h [a) ))®h m = Sh&\ l) d u h® w ®h Ci K 

By applying the coaction a to the second factor in the above equality, interchanging third factor 
with the second and the first ones and then multiplying first two factors one obtains the required 
property of fljj. Hence the bijective correspondence between flu and 7 is established. 
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Finally, from Proposition 3.4, left-invariant ll>u is of the canonical form with i = (e ® id) ou u . 
Since uju(h) = ^(Sh m )(3u(ir e (h^ 2 )))^(h^) + &(Sh w )du&(h( 2 )) one easily finds that i(h) = 
7(/i (1) )$(/i (2) ), i.e. i(h) = j(h m )®h (2) , where 7 : # -» M , -y(h) = (e <g> id) o P(n e (h)) + e(h)l M , 
for any h £ H. □ 

Therefore, for these /% we are in the setting of Proposition 3.4 or Example 3.6 for the map 
i constructed above. The smallest horizontal right ideal in this case is 

Q = span{7(<7 (1) )<7 {2) >m ® q (3) h - e(m)j(q (1) h (1) ) <g) q (2) h (2) \ q £ Q,m £ M, h £ H}. (17) 

We see that a choice of left-invariant u>u, Qhor 12 Qo and left-covariant Q 1 (M) defines a left- 
covariant J7 1 (P). The corresponding ideal is Qp = (i(Q)P, QmP) where 

i{Q)P = span{7(g (1) )g' (2) l>m ® g (3) /i| q £ Q,m £ M, h £ H} ^ Q . 

Example 6.2 Lei P = MxH be viewed as a quantum principal bundle. Let 7 obey the condi- 
tion in Proposition 6.1 and let Q 1 (M) be left M-covariant. Then P has a natural left-covariant 
calculus r^(P) such that fi hor = P(dM)P and 

oj(h) = $-\h m )P{K e {h (2) ))<b{\ 3) ) +^ 1 (h m )d^(h (2) ) 

where (3 : kere — > ^lp(M) is defined by (3{h) = ( ( S , 7(/i) ( i ) )d7(/i) (2) . 

Proof Since Q}{M) is assumed to be left-covariant, the subbimodule Mm generating Q 1 (M) 
is obtained from a right ideal Qm C kereM- Since M is a Hopf subalgebra of MxH, the 
left M-invariance of Mm implies left P-invariance of PMmP- The corresponding right ideal in 
kerep is QmP- Therefore we take Qhor = (Qo, QmP) corresponding to A/hor = (Mq,PMmP) 
as in Example 3.7. On the other hand, we are also in the setting of Proposition 3.3 and take 
oou in that strong form, as in Proposition 6.1. Note as in Proposition 3.3. that the inherited 
differential structure Qp(M) is not different from Vl l (M) if M n Vl l M C Mm- □ 

We now consider the simplest concrete setting of bicrossproducts, where M = C(S), S a 
finite set (as in Section 5) and H = CG, G a finite group. Here P is a bicrossproduct of the 
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form C(E)mCG, regarded as a bundle. This is necessarily of the form associated to a group 
factorisation X = GE. Then E acts on G and G acts on E, by >, < respectively, as defined by 
sg = (s>g)(s<g) in X. The bicrossproduct C(E)*<cCG has the explicit form 

(5 S ® g)(S t <8>h) = S s<g>t (S s ® 
A(5 a ®5) = E o &=s < *a®£»fl , ®<*&®0 3 S(8 s ®g) = 6 (s<g) -i ^{s^g)- 1 
for all g,h € G and s, i € E. Note that the actions o, < are typically not effective. We define the 
subset 

Y = {(g,s)\ s>g = g} = J[ 1(g) C G x E. 

where /(#) is the isotropy group of g. Here Y necessarily contains E = 1(e) as (e, E) where 
e 6 G is the group identity. From Proposition 5.1 we know that 1 (C(E)) correspond to 
r C S x E — diag. We require this to be E-invariant. Finally, we know from [O] that coirreducible 
bicovariant Q 1 (CG) correspond to (V, A) where V is an irreducible left G-module and A G P(V*). 
The corresponding quantum tangent space in |l3| is spanned by x v = A(( )>v) — X(v)l G C(G) 
with corresponding derivation d Xv g = x v (g)g on group- like elements g G CG. Hence 

Q = span{<? G kere| e£? Xt) g = 0} = {g G kere| A(g>u) = V-u G y} 

i.e. the kernel of the map ker e ^ V* provided by the action > : CG ® V — ► V composed with A. 

Proposition 6.3 Left-invariant 1 (C(E)^<iCG) are provided by pairs j,S, where 7 G C(Y) is 
a function such that j(e,s) = 1 = j(g,e) for all s G E,g G G, and S C E, e ^ 5 is a subset. 
The associated invariant connection is defined by 

Pu(g) s ,t = i{g,s~ 1 t)-i 

where 7 is extended by zero to X. The minimal horizontal right ideal is 

Qo = span{^ q g l(g)S s<g -i ® gh\ qe Q,heG, e/sE S} + span{^ q g (5 e -7(5)) ® g\q € Q}. 

q&G geG 

If we take Qhor = {Qo, ® CG) i/ien i/ie resulting calculus has 

Q P = span{^ q g j(g)S s<g -i ® gh\ q G Q, /i G G, e ^ s G E} + 5 e ® Q + C(5) ® CG. 

geG 
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Proof The coaction of C(E) on Q in the bicrossproduct is (7 1 — s- J2 S s>g ® 5 S (see (T^j). We 
therefore require 7 : CG -> C(E) i.e. 7 G C(G x E) such that 

XI 7(5)^ ® sl>5 = 7(5) ® 5 

s 

for all g. Evaluating at a fixed s € E, this is j(g, s)(s>g — g) = for all s G E and g G G. This 
gives the stated form of 7. Then 

0u(g)= 7(3, s) ^ S a -idu8 b = 7(9^)^2 S a -i^>6 b -5 a -iS b ®l 

sGl(g) ab=s sel(g) ab=s 

= 7(^s) 6 a -i®S b - 7(3, e) 1(»1 

sGl(g) ab=s 

which gives the formula for components of as stated. 

Next , we require Q 1 (C(E)) to be left C(E)-invariant, i.e. that A L Af M C M ®Mm where M = 
C(E) has coproduct A5 S = J2ab=s &a ®8 b . As in Section 5 we take Mm = span{5 s ®8t\ (s,t) G 
r}. The invariance is then equivalent to T stable under the diagonal action of the group E. Such 
T are of the form T = {(s,t)\ s~ 1 t G S} for some subset S not containing the group identity e. 
The right ideal Qm in this case is 

Q M = sp&n{8 s \ s G S} = C(S). 

From the form of the algebra structure of the bicrossproduct, it is clear that QmP = C(5) (g> CG. 

To compute Qo we consider elements in Q of the form q = J2 g eG Qg9 an d the delta-function 
basis for C(E) in the formula (|T7|). Then 

Qo = span{^ q g (i(g)g>5 s - 8 s ,ei{gh))® gh\ q g Q, heG, s£S)} 

g€G 

= span{^ q g r r(g)5 s<g -i ®gh\q£Q,h£G, e / s G E} 
+span{^] q g (5 e - j{g))®g\q 6 0} 

where we consider the cases where s = e and s/e separately. In the former part we wrote 
^s^g- 1 while in the case s-ewe change variables from qh — J2 g Qg9h to q since qh G Q 
for all h. We span over q £ Q after fixing s G M and h £ G. The computation of Qp is similar. 
□ 
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We demonstrate this construction now in some examples based on finite cyclic groups. When 
G = Z n = (g), for the representation V defining a calculus on CG we take the 1-dimensional 
representation where the generator g acts as e « . Its character x corresponds to a conjugacy 
class in Z n if we take the view CZ n =C(Z n ). The corresponding quantum tangent space is spanned 
by x = x — 1 £ C(Z n ) with corresponding derivation c^g" = x(g a )g a for a <G {0, • • • , n — 1}. 
Hence 

n-1 

Q = {gGCG| e(g) = 0, x(a) = 0} = {q a = E ^ g b \ a = 1, 2, 3, n - 2} 

6=0 

The remaining basis element n~ 1 q n -i of kere is dual to x and can be identified with the unique 
normalised left-invariant 1-form in the calculus. 

Likewise, for a calculus on C(S) where S = Z m = (s) we take for left-invariant calculus the 
one defined by S = {s 2 , s 3 , ■ ■ ■ , s m_1 }. Since S is Abelian, left-invariant calculi are automatically 
bicovariant, and this is the natural 1-dimensional bicovariant calculus 1 (C(E)) associated to 
the generator s <G S. The ideal consists of all functions vanishing at e, s. The element <5 S 
is dual to the quantum tangent space basis element s — e and can be identified with the unique 
normalised left-invariant 1-form. 

There are many factorisations of the form Z n Z m . We consider one of the simplest, namely 
S 3 = Z2Z3 (actually a semidirect product) where G = Z2 = (g) and S = Z3 = (s). In terms 
of permutations a, /3 obeying a 2 = (3 2 = e and a/3a = /?a/3, we write g = a and s = a[5. The 
action > is trivial while s<g = s 2 and s 2 <g = s. The Hopf algebra C(^3)xiCZ2 is 6-dimensional 
with cross relations 

g5 e = 5 e g, g5 s = 5 s 2g, g5 s 2 = 5 s g 
and the tensor product coalgebra structure. The subset Y is all of G x E and hence 

7(e) = 1, 7(5) = <5e + 7l<5s + 72<5 S 2 

for two parameters 71,72 G C. 

Example 6.4 For i/te cross product P = C(Z3)xiCZ2 as akwe and f/ie choice of the 1-dimensional 
fi 1 (CZ2) and fi 1 (C(Z3)) as above, we find Q l {P) is 3- dimensional corresponding to Qp = 
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span{5 s 2} <8>CZ2. /it /ias 6asis of invariant forms {loq, wi,^} say «^ 

d<5 e = (<5 S 2 - <5 e )a;i, cW s = (<5 e - <5 s )wi, dg = #(^0 - wi + w 2 ) 
and module structure 

^09 = -9^0, uig = guj 2 , ^29 = gui 
uob~ s i = 5 s iOJo, <^iS s i = 5 s i-iuii, uj 2 b~ s i = 5 s i-iu>2- 
The gauge field corresponding to 7 is 

I 71 72 \ 

Pu(g) = I 72 71 

\7i 72 / 
2raf the entries 7, do noi ajffecf £/te resulting calculus. 

Proof The ideal Q = in this case, i.e. Q 1 (CZ2) is being taken here with the universal 
differential calculus, which is 1-dimensional in the case of CZ2. This is clear from the point of 
view of a bicovariant calculus on C(Z 2 ). Hence Qo = as well, and we take Qhor = QmP = 
span{(5 s 2 } CZ2 for all 7. According to Proposition 3.5, Qp = (Qhou i(Q)P) = QmP as well 
since Q = 0. This gives the calculus Q 1 (P). It projects to the universal one in the fibre direction 
and restricts to the initial calculus on the base. 

We now compute this 3-dimensional calculus explicitly. We recall that ^(P) = P® ker e/Qp 
as a left P-module by multiplication by P, as a right P module by [h\u = u w ®[/iu (2 )] for 
[h] £ ker e/Qp and u € P. Here [ ] denotes the canonical projection from kere. The exterior 
derivative is du = u (1) ®« (2 ) — u® 1 projected to ker e/Qp. In our case, a basis for the latter is 

wo = [5 e ®{g - e)], wi = [<5 S <g>e], w 2 = [<5 S ® #] ■ 

Then d(l ® g) = 1®<7®[1®(<7 — e)] giving the result as stated on identifying g = 1 ® g in P. 
Moreover, d(e) e ® e) = <5 e ® e ® S e ® e+5,,2 ® e ® J s ® e — 5 e ® e ® 1 ® e = (<5 S 2 ® e— <5 e ® e) ®[<5 S ® e] 
as stated, on identifying 5 S ® e = 5 S etc. Likewise, d(5 s ® e) = 5 s ®e®<5 e ®e + <5 e ®e®c) s ®e — 
(5 S ® e ® 1 ® e = (<5 e ® e — 5 S ® e) [<5 S ® e] as stated. 

Finally, we compute the right module structure as follows. For the action on ujq we have 
[$e®(g ~ e)](l®#) = 1® #®[(<5e®(# - e))(l®#)] = -1 ®#®[<5 e ®(p - e)] as stated. And 
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[S e <8>(g - e)](5 s i ® e) = J2 a +b=i $s a ® e®[(<5 e <8>(g - e))(<5 s & ® e)] = <5 S ; ® e®[<5 e <8>(g - e)] as stated. 
Only the 6 = term in the sum contributes. For the action on uj\ we have [S s ® e](l ® = 
1®#®[(<5 S ®#)(1®#)] = [<5 s ®e]. And [<5 S ® e] (<5 si ® e) = E a +6=j ^« ® e®[(<5 s ® e)(5 s t (8) e)] = 
5 s i-i ® e ®[(5 S ® e] as only the 6 = 1 term in the sum contributes. Similarly for the action on u> 2 . 
As a left module the action is free, i.e. we identify (1 ® g) ® Uq = gujQ etc. □ 

Example 6.5 For the cross product P = C(Z^)><iCZ 2 as above but the choice of zero differential 
calculus fi 1 (CZ2) and universal calculus f^C^), we find ^(P) is the zero calculus unless 
7i72 = 1, when it is 2- dimensional. In the latter case, with basis of invariant forms {lvi,uj 2 } we 
have 

d5 e = (S s 2 - 6 e )uj 1 +^ 1 (S s - S e )u 2 , d5 s = (5 e - S s )ui +71(^2 - 5 s )uj 2 , dg = (1 -71) 3(^2 -wi) 

anc? hg/i£ module structure 

wig = guj 2 , u 2 g = gui, uji5 s1 = 5 s i-iui, uj 2 5 s1 = 5 s1 -iuj 2 . 

The restriction to Qp(C(Z^)) is a direct sum of the 1- dimensional calculus associated to s and 
the 1- dimensional calculus associated to s 2 . 

Proof If we take the zero differential calculus on Q, l (CZ 2 ), so Q = C(g — e), then 

Qo = span{7i<5 s ® gh — 5 S 2 ® h, ^y 2 5 s 2 ® gh — 8 s ®h\ h G Z2}. 

Here the s contribution to Qo is l{g)& s 2 ®gh — r ){e)5 s ®h = 72^2 ®gh — b~ s ®h. Similarly, the s 2 
contribution is 71 6 S ®gh — 5 S 2 ® h. Finally, the s° contribution is (S e — 7(3)) ® g — (S e — 1) ® e = 
— 71 <5 S ® 3 + 5 S 2 ® e — 72<J S 2 ® g + <5 S ® e is already contained. This is 4-dimensional for generic 7 
(in this case Qo = kere®CZ2) but collapses to a 2-dimensional ideal when 7172 = 1. 

If we take the universal calculus on C(Z^) so Qm = 0, we have Q\ lor = Qo is 4-dimensional in 
the generic case or 2-dimensional in the degenerate case (note that if we took the 1-dimensional 
calculus on C(Z 3 ) as before then Qh or = kere®CZ2 is 4-dimensional in either case). Fi- 
nally, i(Q) = 7(3) ® g — 1 ® e = <5 e ®(g — e) + 71 S s ® g — 5 S 2 ® e + 72^2 ® <? — <5 S ® e so Qp = 
(Qhor, i(Q)-P) = kere®CZ2 + C5 e ®(g — e) = kere is 5-dimensional except in the degenerate 
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case when 7172 = 1. This means that the calculus on P is the zero one except in the de- 
generate case. In the degenerate case, Qp = sp&n{q,qg,5 e <g>(g — e)} is 3-dimensional, where 
Q = 7i<5s g — 5 S 2 e as a shorthand. 

In this degenerate case, a basis of ker e/Qp is 

oj\ = [5 S e] , uj2 = [5 s ®g\ 

while in this quotient, 5 S 2 e = 71 6 S 5 and <5 S 2 5 = 71 5 S e instead of zero as in the preceding 
example, while 5 e 0(g — e) is now zero in the quotient. The computations proceed as on the 
preceding example with these changes, resulting in some extra terms with 71 as stated. The 
restriction to C(Z^) has a part spanned by u\ which is the 1-dimensional calculus on C(Z3) as 
in the preceding example and a part spanned by u>2 which has a similar form when computed 
for d5 s 2. □ 

For a more complicated example one may take S3 x S3 = Z^txiZ^ in [^], which is a genuine 
double cross product with both >, < nontrivial. Writing G = Zg = (g) and £ = Z% = (s), say, 
the actions of the generators are by group inversion on the other group. Thus 

1(e) = I(g 3 ) = S, 1(g) = I(g 2 ) = = I(g 5 ) = {e, s 2 , s 4 } = Z 3 . 

The space of allowed 7 is therefore 13-dimensional. The bicrossproduct Hopf algebra P = 
<C(Jj§)><i<CZQ in this case is 36-dimensional. The results in this case are similar to the situation 
above: for generic parameters one obtains the zero calculus but for special values one obtains 
calculi on Q 1 (P) restricting to non-universal calculi on the base. 

Finally, one may apply Proposition 6.2 equally well in the setting of Lie bicrossproducts. 



As shown in [33 1 one has examples C(G* op )mC/ (g) for all simple Lie algebras g. Here G* op is 
the solvable group in the Iwasawa decomposition of the complexification of the compact Lie 
group G with Lie algebra g. Such bicrossproduct quantum groups arise as the actual algebra of 
observables of quantum systems, for example the Lie bicrossproduct C(SU2° p )xU(su2) is the 
quantum algebra of observables of a deformed topp3]|ip|. We consider this example briefly. We 



take C(S , C r 2° P ) as described by coordinates {X{\ and (X3 + 1) 1 adjoined, and a usual basis {ej} 
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of SU2- Then the bicrossproduct is (see []10[) 

[Xi,Xj] = 0, AXi = Xi <g> 1 + (X 3 + 1) <g> X i5 eX = 0, SX { 



Xi 



X 3 + l 



[ei,€j] — Cjj'fcCfc, [('i: Xj — €ijkXfc 2^*.?3 X3+I ' — ^' 

Ae { = ei® -xj+i + e 3 ® xffr + 1 ® e *' ^ = e 3^i - e i( x 3 + !)• 
For a differential calculus 1 (C(SC/2° P )) we have a range of choices including the standard 
commutative one. Others are ones with quantum tangent space given by jet bundles [13]. For 
Q 1 (U(su2)) one may follow a similar prescription to 1 (CG): if V is an irreducible representation 
and A G P(V*) then Q = {q G f/(s-u 2 )| e(g) = 0, \(q>v) = 0, Vw € V}- A natural choice is 
V a highest weight representation and A the conjugate to the highest weight vector. Finally, 
we consider the possible 7. Note first of all that in a von-Neumann algebra setting one may 
consider group elements g G SU2 much as in Proposition 6.3. From the explicit formulae for the 



action of su 2 on SU2 in [33|[10|, one then sees that at least near the group identity, 



1(g) = {expi(/ 3 - Rot s (/ 3 ))| t G R} 

where {fi} are the associated basis of the Lie algebra sv*2° p and Rot is the action of SU2 by 
rotations of R 3 . Hence 7 should be some form of distribution on SU2 x SU^ such that j(g) 
has support in the line 1(g)- This suggests that in our algebraic setting one should be able to 
construct a variety of 7 : U(su2) — > C(SU2° P ) order by order in a basis of U(sU2)- Thus, at the 
lowest order the coaction of C(SU2° P ) is]i0| 



a® e/ 5) = a ®(x 3 + + e 3 Xi(X 3 + 
and the condition for 7 in Proposition 6.2 becomes 

j( ei )X 3 - j(e 3 )Xi = 0. 

This has solutions of the form j(ei) = fi(X)Xi for any functions fi G C(SU2 P )- After fixing 7 
and the base and fibre differential calculi one may obtain left-invariant differential calculus on 
P = C(SU2° p )xiU(su2) and a connection on it as a quantum principal bundle. The detailed 
analysis will be considered elsewhere. 
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We note that as a semidirect product one could also think of this bicrossproduct as a de- 
formation of the 3-dimensional Euclidean group of motions (one may introduce a scaling of the 
Xi to achieve this). In the 3+1 dimensional version of this same construction one has the k- 
deformed Poincare algebra as such a bicrossproduct^]. Proposition 6.2 therefore provides in 
principle a general construction for left-invariant calculi on these as well. At the moment, only 
some examples are known by hand |3(|. Moreover, affine quantum groups such as U q {su2) may 
be considered as cocycle bicrossproducts C[c, c~ l ]xU q {Lsu2) where U q {Lsu2) is the level zero 
affine quantum group (quantum loop group) and c is the central charge generator, see |37fl . The 
quantum Weyl groups provide still more examples of cocycle bicrossproducts |58|. All of these 
and their duals may be treated as (trivial) quantum principal bundles by similar methods to 
those above. 

6.2 Biproducts, bosonisations and the quantum double 

Let H be a Hopf algebra with (for convenience) bijective antipode. A braided group in the cate- 
gory of crossed modules means B which is an algebra, a coalgebra and a crossed //-module (i.e. 
a left //-module and left -ff-comodule in a compatible way) with all structure maps intertwining 
the action and coaction of H and with the coproduct A : B — > B®B a homomorphism in the 
braided tensor product algebra structure B®B. This is basically the same thing as a braided 
group in the category of L>(i/)-modules where D{H) is Drinfeld double in the finite-dimensional 
case. One knows from the braided setting || of (31]] that every such braided group has an asso- 
ciated Hopf algebra BxH as cross product and cross coproduct. Moreover, ir(b<8)h) = e(b)h 
defines a projection B>$H — ► H split by Hopf algebra map j(h) = 1 <g) h. All split Hopf algebra 
projections to H are of this from. 

We can clearly view such B>$H as principal bundles of the homogeneous type, with j defining 
a canonical connection Q. The homogeneous bundle coaction is An(b(£)h) = b<g>h w ®h( 2 ) so 
that M = B. Since j is a coalgebra map we can also take <3? = j as a trivialisation, i.e. the bundle 
is trivial. Both Propositions 3.3 and 3.5 apply in this case. From the former, we know that any 
Pu : kere — ► Q}B and any £l l (H) yields a calculus Q 1 (B>iH). We now use Proposition 3.5 to 
study which of these are left-invariant. 
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Note that B as a braided group coacts on itself via the braided coproduct. This is the 
braided left regular coaction. This extends to B®B as a braided tensor product coaction, via 
the braiding ^(v®w) = v (1) >w <8> v {2) of the category of crossed modules. So 

A L (b <g> c) = 6(i)_^(6(2)_ <8> C(i)) ® = 6(i)_(6^)_ (1) i>C(i)_) <g> 6(2)_ (2) 

and this restricts to a left l?-coaction on The calculus is braided- left covariant if 

its associated ideal Mb is stable under A L . 

Proposition 6.6 Strong left-invariant connections uoy on B>aH(B, H,j) are in 1-1 correspon- 
dence with the maps 0u : kere# — > Q}B which are left B -invariant (under the braided coproduct) 
and intertwine the left H -coaction on Q 1 B with the left-adjoint coaction of H, i.e. 

& H (Pu(h)) = h w Sh {3) ®Pu(h m ). 

Moreover, the (3u are in 1-1 correspondence with 7 : kere# — > kere which are intertwiners of 
the left adjoint coaction of H, i.e. 

An{l{h)) = h m Sh (3) <g) 7(/i (2 ))- 

The correspondence is via 

f3jj(h) = Sn{h)^Lu^{h)^y 
The corresponding u>u is the canonical connection for the splitting i(h) = j(ir e (h w )) ® h^ + l <S> h 

Proof B>aH(B, H, j) is a trivial bundle with trivialisation j. Given strong connection ojjj one 
associates to it the unique map /% : kere# — > O 1 !? given by j3jj{h) = j{h( l) )uju{'K <i {h(2- } ))j{Sh {:i) ))-\- 
j(h w )duj(Sh( 2 ))- Since j is a Hopf algebra map the left coaction of B XI H on f5jj{h) G fi 1 !? € 
Q}B>nH can be easily computed using the fact the W[/ is left-invariant 

A L (f3u(h)) = j(h m )j(Sh (B) )®j(h m )uu(Tv e (h (3) ))j(Sh w ) + j(h (1) )j(Sh w ) <g> j(h i2) )duj(Sh (3) ) 
= j(h (1) Sh {3) ) <g> Pu{h (2 )) = 1 ® h (1) Sh (3) ® (3u(h (2) ), 
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where we also used the fact that ker en is invariant under the left adjoint coaction. On the other 
hand the left coaction of B>aH on B ® B C (B><\H)® 2 is 

A L (6®c) = (bu®b^ l) )(cw®c ( ^)®b^ ) ®c^ ) 

= &W( & (2) (1) (1)>C(1)) ® &W (1) (2) C « (1) ® ® C (21 (2) 

= 6(1) (b^XQ) ® 6(2) (5)(I) C(2) (I) ® ® C (2) (5) = (id ® A ff ) A L (6 ® c) 

where A// is the left tensor product coaction of H on B ® I?. We used the comodule property 
for the .ff-coaction for the third equality. Therefore we have just found that 

(id®A H )A L (3u(h) =l®h w Sh w ®pu(h m ). (18) 

Applying id# ® en ® ids ® ids to both sides of ( ]l8| ) we find A L f3jj{h) = l®/3[/(/i), i.e. /%/ is 
left-invariant with respect to the (braided) left coaction of B. Using this left-invariance we can 
compute fll8| ) further to find 

l®h (1) Sh m ®Pu(h m ) = (id®A H )A L Pu{h) = (id® = 1 ® A H {j3u{h)), 

which is the required intertwiner property of /%. 

Conversely, assume that @u : kere# — > Q}B is left .B-invariant and an intertwiner for the 
left adjoint coaction of H. One then immediately finds for any h G kere# 

&LiPu{h)) = (id®A H )A L i3u{h) = 1 ® h w Sh (3) ® /%(/i (2) ). 

Using this fact one computes 

A £ (u^(/j)) = &L(j(Sh m )pu(Tr e (h {2) ))j(h (3) ) + Sj(h w )duj(h (2) )) 

= 1 B ®Sh (2) h (3) Sh (5) h {6) ® j(Sh m )Pu(Tr t (h (4) ))j(h (7) ) + ® Sj(h m )duj(h (2) ) 
= Ib-xh ® j(Sh (1) )Pu(^e{h( 2 )))j(h^)) + ls>i/r ® Sj{h (1) )duj(h (2) ) 

so the connection corresponding to /% is left XI //-invariant. 

Similar arguments as in the proof of Proposition 3.5 show that any left ^-invariant [3u : 
ker eh — > f^-B can be expressed in the form (3u{h) = 57(fo)(i)di/7(/i)( 2 ), where 7 : ker e# — > ker e 
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is given by 7 = (e<g)id) o j3jj. Since (3jj is an intertwiner for the left adjoint coaction of H we 
have 

7 (/i)( il (I) 7 (/i)(2) (I) <g> S-/(h)^du-/(h)^ = h m Sh (3) ® 57(/i(2))(i) d c/7(/i( 2 ))(2), 

where we used that 5 is a left .£/-comodule map. Due to the form of du, the above equality 
is in H ® B ® B. Applying e to the middle factor and using the fact that B is an ii-comodule 
coalgebra one finds 

^H{l{h)) = h w Sh vs) (g)j(h (2) ), 

i.e. the required intertwiner property. Conversely, given 7 : kere# — > kere which is an inter- 
twiner for the left adjoint coaction we find 

& H (Pu(h)) = A H (5 7 (/0(i)dtf7(>0(2)) 

= 7(^)( 1 ) (I) 7(M( 2 ) (I) ^^7(^)w (5) d C /7(^)w (5) 
= 7(hY~ 1 ^S 1 (hy~ 2 \ 21 d ul (hf 2 % 

= h (1) Sh (3) (E>S7(/i (2) )(i^d{77(/i (2) )(^ = h m Sh {3) ® f3u(h (2) ), 

as required. Finally, if the map /% is expressed in terms of the map 7 then the canonical splitting 
i corresponding to uju an d given by % = (e <8> id) o o;^ comes out as stated in the proposition. □ 

Notice that the map 7 : kere# — > kere defined in Proposition 6.6 can be uniquely extended 
to the map 7 : H — > 5 by requiring 7(1) = 1. Then eo^ = e and z = (7 (g) id) o A. Therefore 
for these /% we are in the setting of Proposition 3.5 or Example 3.7 for the stated map i. The 
smallest horizontal right ideal is 

Q = span{'y(q (1) )q {2) >b®q (3) h - e{b)^{q (1) h (1) ) ® q (2) h {2) \ q € Q,b £ B,h € H}. 

We see that a choice of left-invariant ujjj, Qhor and left-covariant ^(B) yields a suitably left- 
invariant ^(.Bxiif). 

Example 6.7 Let P = B>s\H be viewed as a quantum principle bundle as above with triviali- 
sation j{h) = 1 ® h. Let 7 obey the condition in Proposition 6.6 and let £l l (B) be braided left 
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B-covariant and H-covariant. Then P has a natural left-covariant calculus Q l (B>$H) such 
that Q£ or = P(dB)P and 

v(h) = j{Sh {1) )/3{Tr e (h {2) ))j(h (3) ) + j{Sh (1) )dj{h (2) ) 

for (3 : kere — ► Qp(B) defined by (3(h) = S , y(h)md r y(h)(2) is a connection on it. Here £2p(B) = 
nj\j-(Q 1 B), where irj^f : — ► Q 1 (P) is the canonical surjection. 

Proof We take Qhor = (Qo> QbP) corresponding to A^hor = (■A/'o, PNbP) as in Example 3.6. 
Since A L (b®c) = (id ® A H )A L (b® c) for any b®c G B®B viewed inside (B>^H)® 2 on 
the left hand side, it is clear that if is defined by Mb which is both A L and Ah 

covariant then it is covariant under the Al coaction of BxH. We then use the preced- 
ing Proposition 6.6 to establish that u}jj(h) = j{Sh w )f3u(ir e (h(2)))j(h^) + j{Sh m )&uj(h {2) ), 
where f3jj(h) = Shfity^dujityp) is a left-invariant connection. We extend 7 to the whole 
of H by setting 7(1) = 1. Then the corresponding splitting is i(h) = 7(7i(i)) ® and 
we construct a left-covariant calculus Q 1 (B>siH) by taking QsyeH = {Qhor,i{Q)(B>$H)) = 
sp&n{qBb ® h,j(q w )q( 2 )>b <& q( 3) h | q <E Q,qB €= Qs,6 G B,h £ H}, as in Proposition |375|. □ 



Bosonisation may be viewed as a special kind of biproduct, albeit originating^] from other 



considerations than Ipl] ]. Here H is a dual quasitriangular Hopf algebra] 39 ]cf[ 40] and B a braided 
group in its category of (say) left comodules. It has a bosonisation B>^H where the required 
action is induced by evaluating against the dual quasitriangular structure, see ||] and cf|] 
(where the example of the quantum double as a bundle was emphasised). Explicitly, 

(b ® h)(c ® g) = bc ( ~ 2) ® h (2) gK(c Cl) <g> h w ), A(b ® /i) = 6^ ® b (2 ^ l) h m <g> 6^ ® /i (2) 

where A^fr = (g)6 (2) is the coaction of -ff (summation understood). 

To give a concrete application, we take B = H_ to be a braided version of H obtained by 
transmutation |j9] . iJ is then a left //-module coalgebra with the coaction provided by left 
adjoint coaction, i.e. Ajj(h) = h^Sh^ ®h( 2 )- It is clear that the map 7 : H_ ^ H, j(h) = h 



satisfies all the requirements of Proposition 6.6 therefore we have 



Proposition 6.8 Let B = H_, P = H_>z\H and 7 = id. Let the braided left-covariant calculus 
on H_ be generated by Qh C kere. Assume that the ideal Q C kere// is generated by {qi}i£i- 
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Then the corresponding right ideal Qp C kerep defining left-covariant calculus on P = H>cH 



as in Example \6. r \ is generated by {Aqi}i e j and the generators of Qh- The induced calculus 



Up(H) is generated by (Q, Qh). 

Proof The braided product • in H_ is related to the original product in H by 

gh = ff(i)i/i (2 ) ft(fyi) Sh (3) <g> g (2) ). 

Since 7 is an identity map one finds the corresponding splitting i = A. For any g,h G ker e we 
find 

i(9)i(h) = (9m®9(2))(h(i)®h {2) ) = g {V) -h {2) K{h (V) Sh m ®g {2) ) ® 9( 3 )h (2) 
= 9{V)h m ®9{2)h {2 )=i(gh). 

This implies that if Q is generated by {qt}i£i as a right ideal in H then Qp = (QH_P,i(Q)P) is 
generated by generators of Qh_ and {i(qi)}iei as a right ideal in P. Since i is the same as the 
coproduct in H, the assertion follows. 

To derive the induced calculus on H_ first note that ker ep = ker e <g> 1 H ® ker en , where 
the splitting is given by the projection II : kerep — > kere(g)l, II = ^e^e. The differential 
structure on H is determined by the image of Qp under this projection. Clearly Il( Qh_P) = Qh_- 
Furthermore, for any b£H_,h^H,q^ Q we find 

n((<7 ( i) <3q( 2 ))(b<3h)) = U(q m J> {2) TZ(b {1) Sb {a) <g> q {2) ) ® q {3) h) 

= H(q m b ® q {2) h) = TT e (qb)e(h) = qbe(h). 

Therefore Qp restricted to H_ coincides with {Qh_, Q) as stated. □ 

In particular, if Qp in the preceding proposition is chosen to be trivial and thus the calculus 
on H_ to be the universal one, the induced calculus is non-trivial and is a braided version of the 
calculus on H. Notice also that since [10] 



HxiH = HtxH ^ D{Hf, 

(the latter in the case where 1Z is factorisable) the above construction gives a natural left- 
covariant differential structure on the double cross products H\x\H (see||) and the duals of the 
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Drinfeld double D{H) (see 4C]). For example, if H = A(R), is a matrix quantum group corre- 
sponding to a regular solution of the quantum Yang-Baxter equation (suitably combined with 
q-determinant or other relations) then H_ = Bl(R), the left handed version of the corresponding 
matrix braided group JO]. The latter is generated by the matrix u subject to the left-handed 
braided matrix relations 

i?Uii?2lU2 = U 2 i?Uii? 2 i 

and suitable braided determinant or other relations. If t denotes the matrix of generators of 
A{R) then the cross relations in Bl(R)>$A(R) are given by 

tiU2 = i?2lU2i?21 1 ^l 

as the left-handed version of the formulae in [Q]. The isomorphism with A(R)txiA(R) as generated 
by s and t say (and the cross relations i?sit2 = t2Sii?) is s = ut and the t generators identified, 
as the appropriate left-handed version of ||]. In particular, taking R to be the standard SU q (2) 
R-matrix and u = the relations for BSU q {2) = SU q {2) come out as 

da = ad, cd = q 2 dc, db = q 2 bd, be = cb + (q~ 2 — l)(o — d)d, 

ac = ca + q~ 2 (l — q~ 2 )cd, ab = ba + (q~ 2 — l)bd, ad — q 2 bc = 1 

The corresponding bosonisation BSU q (2)>(\SU q (2) is isomorphic to the quantum Lorentz group 
SU q (2)txiSU q (2) and thus Proposition |6,8| allows one to construct a differential calculus on the 
quantum Lorentz group. Moreover, as explained in Q, the bosonisation form of the quantum 
double is quite natural if we would like to regard it as a q-deformed quantum mechanical algebra 
of observables or 'quantum phase space'. It is therefore natural to build its differential calculus 
from this point of view. 

Finally, one has braided covector spaces V*(R',R) in the category of left A(i?)-comodules, 
with additive braided group structure. Here A(R) denotes a dilatonic extension. The bosonisa- 
tion V*(R', R)>a A(R) has been introduced in || as a general construction for inhomogeneous 
quantum groups such as the dilaton-extended g-Poincare group R q XI SO q (n) . The detailed con- 
struction of the required intertwiner map 7 in this case will be addressed elsewhere. We note 
only that in the classical q = 1 case it can be provided by a map 7 : R n — > SO(n) such that 
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j(g-x) = gj(x)g~ 1 for all g € SO n . For example, for n = 3 the map 7(2;) = exp(x) has this 
property, where x is viewed in S03 by the Pauli matrix basis and exponentiated in SO (3). The 
^-deformed version of such maps should then allow the application of the above methods to 
obtain natural left-invariant calculi on inhomogeneous quantum groups as well. 
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